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VO ■ Abstract 

We compute, by free field techniques, the scalar product of the SU(2) Chern- 
Simons states on genus > 1 surfaces. The result is a finite-dimensional integral over 
positions of "screening charges" and one complex modular parameter. It uses an 
effective description of the CS states closely related to the one worked out by Bertram 
[0 . The scalar product formula allows to express the higher genus partition functions 
£SJ • of the WZW conformal field theory by finite-dimensional integrals. It should provide 

the hermitian metric preserved by the Knizhnik-Zamolodchikov-Bernard connection 
describing the variations of the CS states under the change of the complex structure 
of the surface. 



ON 



On 



^ ■ 1. Introduction 

> 

As noted in there exists a close relation between the Chern-Simons (CS) topological 
gauge theory in 3D and the Wess-Zumino-Witten (WZW) model of conformal field theory 
in 2D. The (fixed time) quantum states of the CS theory on a Riemann surface S without 
boundary are solutions of the current algebra Ward identities of the WZW theory. The 
states of the CS theory are holomorphic functionals \& on the space .4 01 of (smooth) 
0, 1-forms A 01 with values in the complexified Lie algebra g c of a compact Lie group 
G. The functionals \P are required to be invariant under the complex (chiral) gauge 
transformations \P i— > , where 

^>(A 01 ) = e~ fc5 ^ A01 ) *(^k 01 ) (1.1) 

for h : £ — > G c . In the above formula, S(h, A 01 ) denotes the action of the WZW model 
H in the external gauge field A 01 . For a general gauge field, it takes the form 



S(h,A w + A 01 ) = / tr (h^dhMh^dh) - ^ / d- 1 ti^h- 1 dh) A3 

[ tr [(hdh-^AA 01 + A^Aih^Bh) + hA^h^AA 01 - A 10 AA m ] . (1.2) 

•J Ti 
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The non-negative integer k is called the level of the model. The invariance = h ty is 
exactly the chiral gauge symmetry Ward identity for the WZW partition function. More- 
over, adding static Wilson lines in the CS theory, one obtains the chiral Ward identities for 
the Green functions of the primary fields of the WZW theory. For the sake of simplicity, 
we shall concentrate here on the case of the WZW partition function and we shall take 
G = SU{2). 

The space of CS states has finite dimension. The CS states \P may be viewed as sections 
of a complex line bundle over the orbit space A 01 /G C of the group Q c of complex gauge 
transformations. The orbits Q C A 01 are in one to one correspondence with the isomorphism 
classes of holomorphic vector bundles (h.v.b.) E of rank 2, with trivial determinant, given 
by the SL(2, C)-valued holomorphic 1-cocycles {g a p) , 

gapgp-f = ga~i , (1.3) 

where A 01 = g~^dg a locally and g a p = g a gg ■ If, for the genus g of £ > 1, one limits 
oneself to the open dense (in the C°° topology) subset A® 1 C A 01 corresponding to the 
stable bundles, then the orbit space A^/Q^ becomes a complex variety M s of dimension 
3g — 3 = N . Besides, JV S possesses a natural compactification Af ss , the Seshadri moduli 
space of semi-stable bundles The CS states coincide with the holomorphic sections 

of the k th power of the natural determinant bundle T> over M ss . The spaces H°(D k ) of 
such sections have dimensions given by the Verlinde formula [|| . They form a holomorphic 
vector bundle Wfc over the moduli space Ai of complex curves. This bundle may be 
equipped with a projectively flat "heat kernel" connection first described by Bernard @, 
see also |2|[^]|^][10], which generalizes the Knizhnik-Zamolodchikov connection [11] to the 



higher genus situation. 

The partition function of the WZW model is formally given by the functional integral 
Z (A 10 + A 01 ) = [ e kS( 9 ,A w +A^) Dg (L4) 



where Dg stands for the formal product JT dg(x) of the Haar measures on G. It has 

x&T, 

been argued in |]l3| that the solution of (|0|) is given by 

Z(A W + A 01 ) = Y,*r(-(A 10 V)*r(A 10 ) e #^ trAl ° AA01 , (1.5) 

r 

for an arbitrary basis (^? r ) of the CS states orthonormal with respect to the scalar product 
corresponding to the norm 

||*|| 2 = J ^(A m )\ 2 e^^ tTAl ° AA01 DA . (1.6) 



The functional integral in ([O]) is over the unitary gauge fields A = A 10 + A 01 with 
A 10 = — (^4 01 )^. This way the calculation of the partition functions in the WZW theory 
is reduced to that of the scalar product of the CS states. 



Formal arguments show that the scalar product ( |1.6| ) should supply the bundle V\4 of 
CS states with a hermitian structure preserved by the Knizhnik-Zamolodchikov-Bernard 
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(KZB) connection, see M. Proving rigorously the metricity of the KZB connection is an 
important mathematical problem in conformal field theory still left open. The purpose of 
this work is to provide a candidate for its (constructive) solution by computing exactly the 
functional integral Eq. ( |1.6|) . The result will have a form of an explicit finite-dimensional 
integral of a positive measure. Similar work has been done in the case of genus zero 



with insertions in [12] [13] for G = SU(2) and in [14] for a general simple G . The integral 
formulae for the scalar product are the dual versions of the expressions for conformal blocks 
of the WZW theory in terms of the generalized hypergeometric integrals [[HJ [^] jl?]] , at 
the core of the relations between the WZW models and the quantum groups and of the 



recently discovered relation between the WZW model and the Bethe ansatz JT8[ |L9[ [g0[ Q . 
The extension to higher genera has required a nontrivial generalization of the low genus 
arguments and has taken some time. 

The paper is organized as follows. In Sect. 2 we describe a slice in the space of gauge 
fields, transversal to generic C? c -orbits. It corresponds to realizing generic rank 2 deter- 
minant holomorphic vector bundles as extensions of a one-parameter family of degree 
g — 1 line bundles. In Sect. 3, we examine the restrictions of CS states to the slice. They 
become sections of the k th power of the determinant bundle of the family of extensions. 
This picture of the higher genus CS states is closely related to the one worked out in |l], 
see also [22], based on considering the extensions of fixed degree g line bundle^. The 



relation between the two presentations is the subject of Sect. 4. Sect. 5 describes a pro- 
jective version of the scalar product formula, from which the surface dependent constants 
were omitted. It has been extracted from the full-fledged formula discussed later for the 
sake of a moderately interested reader who would not like to dwell into the details of 
the functional integration which occupies most of the rest of the paper. And so, in Sect. 
6, using the slice of the space A 01 , we decompose the functional integral ( |1.6[) to the 
one over Q c and over the orbit space. The Jacobian of the relevant change of variables 
is computed in Sect. 6 by free field functional integration. The crucial Sect. 7 performs 
the integration over Q c by reducing it to an iterative Gaussian integral. Finally, Sect. 8 
assembles the complete formula for the scalar product. In Appendices, besides treating 
a number of technical points, we work out the details of the relation of our description 
of CS states to that of 0] (Appendix C) and submit the scalar product formula to sim- 
ple consistency checks (Appendix F). What remains to be proven, however, is that the 
finite-dimensional integrals appearing in the formula actually always converge resulting 
in a hermitian metric on the bundle Wfc of state spaces which is preserved by the KZB 
connection. What is also missing is an interpretation of the formula in terms of modular 
geometry, providing a counterpart of the analysis of the KZB connection carried out in 
H . As the first step in this direction one could try to simplify the formal arguments given 
below. Numerous cancellations occurring in intermediate steps of the calculation suggest 
that such simplification should be possible. 

This is a non-rigorous work in its manipulation of formal functional integrals which 
lead, in the end, to a chain of Gaussian integrations. Handling these integrals required, 
nevertheless, careful treatment. As a result, the paper employs relatively sophisticated 
mathematical tools. It may be viewed as a piece of "theoretical mathematics" in the sense 



x We thank B. Feigin and S. Ramanan for attracting our attention to Q and |^2| 
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of |E3]: it uses formal functional integral to extract an interesting mathematical structure 
which should be submitted now to rigorous analysis. Care was taken to clearly mark the 
non rigorous steps in the discussion. The main result of the calculation performed here 
was announced in the note 24]. The case with insertion points will be treated in a separate 
publication. 



2. Space of orbits 



We shall need below an effective description of generic orbits Q C A 01 . It will be based on 
the fact that every h.v.b. E has a line subbundle L^ 1 C E or, equivalently, that the 
cocycle (g a p) of E may be always chosen in the triangular form 



9a/3 



all b, 



f , (2-1) 



where {a a p) is a 1-cocycle of a holomorphic line bundle (h.l.b.) L s.t. the dual bundle 
L _1 C E . (b a p) satisfy the twisted cocycle condition 

a a^l3-r + ^a/3°/37 = &o»y (2-2) 

which means that they define a holomorphic 1-cocycle with values in the h.l.b. L~ 2 (this 
may be better seen by rewriting Eq. (p^2|) as a~^b'^ + b' a/3 = b' aj , where b' a/3 = a~^b a/3 ). 
The corresponding cohomology class in H l (L~ 2 ) describes E as an extension 

— > L' 1 — ► E — > L — > (2.3) 

of the line bundle L by L^ 1 . Proportional [(& a s)] give rise to isomorphic bundles (but 
the converse may be not true). By the Riemann-Roch Theorem, 

dim(F 1 (L- 2 )) =5-1 + 2deg(L) for deg(L) > . (2.4) 



Let L(±x) denote the h.l.b. LO(±x) (omitting the sign of the tensor product between 
the bundles), where 0(±x) is the degree ±1 h.l.b. with divisor ±x. We shall fix for the 
rest of the paper a h.l.b. L of degree g . For later convenience, we shall assume that this 
is done so that L(—x) 2 never coincides^ with the canonical line bundle K of S. For any 
rank 2 h.v.b. bundle E with trivial determinant, there exists x £ S and a non-trivial 
homomorphism 

<j) : L(-x)- 1 — ► E , (2.5) 

see H, Lemma 5.4. If <fi has zeros (counted with multiplicities) at x\, . . . , x r then cj) 
induces an embedding of L(—x — x\ . . . — x r )~ 1 into E or, in other words, E is an 
extension of L(—x — x\ . . . — x r ) . Notice that deg(L(— x — x% . . . — x r )) = g — 1 — r . If E 
is stable then in can have only negative degree subbundles so that, necessarily, r < g — 1 
and, moreover, the extension has to be nontrivial. 

2 as opposed to the choice of L employed in |24| 
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The above discussion gives rise to the following description of the orbits Q c A m , related 



to the picture of the moduli space Af discussed in the papers Q [22]. For < r < g— 1 , con- 
sider a holomorphic family (L{— x — X\ . . . — x r )) of line bundles. By definition, it is a holo- 
morphic line bundle C r overj^] £ r+1 x £ whose restriction to the fiber prj~ 1 ({x, x±, . . . , x r }) 
of the projection on the first factor gives L{— x — x\ . . . — x r ) = L(—X r ) . C r is not unique: 
for each h.l.b. M over £ r+1 , we may take pri*(M)C r instead of C r . Let W r denote 
the first direct image i? 1 pri !t (£~ 2 ) of C~ 2 by pr\ (W r is a h.v.b. of dimension N — 2r 
(N = 3g-3) over £ r+1 with fibers i7 1 (L(-X r ) -2 ) ) . Let FW r denote the correspond- 
ing holomorphic bundle of projective spaces Pff 1 (L(— X r )~ 2 ) . The total dimension of 
the compact complex manifold PW r is N — r . Now, each element w € PW r , with the 
base point {x,x%, . . . ,x r } = X r , defines (uniquely up to isomorphisms) a holomorphic 
bundle E of rank 2 and trivial determinant which is an extension of L(—X r ) . (Many 
ui's may define the same E .) The dimensions imply that, generically, r = (recall that 
dim (A/") = N). From this and the analysis of [Q] and [^] , the following picture of the 
orbit space emerges: 

an open dense subset of PWo corresponding to stable bundles is a ramified (2g-fold) 
cover of a dense subset of the stable moduli space Af s . The rest of Af s is in the image 
of subsets of PW r . In particular, the union of the C? c -orbits corresponding to h.v.b. 's 
E obtained from Wo is dense in A 01 . 

Other details of that geometry may be found in 

We shall construct gauge fields corresponding to points in PWo ( a slice s : PWo — > 
.A 01 ). Let us start by an explicit construction of a family (L(— x)) of line bundles on S 
and of the corresponding bundle Wq . A more natural but less explicit construction will 
be discussed in the next section and, a somewhat pedantic, distinction between different 
realizations of the family (L(—x)) will later play an important role. In order to describe 
the first construction, fix a point xq G S and denote Lq = L(—xq) . The family (L(—x)) 
will be obtained by twisting the <9-operator in Lq . Let (cj l )f =1 be the basis of holomorphic 
0, 1-forms on S adapted to a marking of E i. e. to a choice of a standard homology basis 
(cii,bj) . J to 3 = 6 13 and / ufl = t 13 were r is the period matrix. Define a 0, 1-form 

a t bi 



^'MCeE?)*^ ^(/^(bnr)- 1 *. (2.6) 

i,j=l x o x o 



IT / 



Notice, that a = a x depends on the lift x of the point x to the covering space £ 
of E (with the base point xo ) • Denote by L x the line bundle Lq with 5 replaced by 
Bl x = <9+a x . It is a standard fact that all L x corresponding to the same x are isomorphic 
to L{—x) . Consider the holomorphic bundle SxLq over E x E with the antiholomorphic 
derivative 5 + d where 5 differentiates in the trivial direction of E . We shall twist E x Lo 
by replacing its antiholomorphic derivative by 5 + B + a. Denote the resulting h.l.b. over 
E x E by Cq . It gives a specific realization of a holomorphic family (L x ) • Fhe action 
of the fundamental group Ili(E,xo) = ITi on E lifts to an action on Cq preserving the 

3 We denote by E" the symmetrized n-fold Cartesian product of £ . 
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structure of the h.l.b. The lifted action of p G IIi is 

(x,Z y ) i-> (px, Cp(y) -1 Zj,) (2.7) 
for in the fiber of L x over y G £ , where 

2™Im[(/ ^(Imr)- 1 ^ u>)] 

Cp(y) = e J p Ja: o . (2.8) 

Note that c p is a function on S (it does not depend on the integration path from xo to 
y). Dividing Co by the action of IIi , we obtain a h.l.b. Co over SxE, the first explicit 
realization of the holomorphic family (L(—x)) . 

For a line bundle M, we shall denote by T(M) the space of smooth sections of L 
and by A 01 (M) the space of smooth 0, 1-forms with values in M . The bundle Wo = 
R 1 P r i*{£-o 2 ) (the first direct image of Cq 2 under pr\ ) may be viewed as the quotient of 
the infinite-dimensional trivial bundle £ x A 01 (Lq 2 ) by the subbundle whose fiber over x 
is the image by B L -i = B — 2a x of T(Lq 2 ) . Indeed, 

A 01 (L - 2 )/a L - 2 (r(L 2 )) = A 01 (L x 2 )/a L - 2 (r(L x 2 )) - hHl x 2 ) , (2.9) 

which is the Dolbeault realization of H l (L~ 2 ). Division by the action of IIi gives an 
explicit construction of the fiber bundle Wo ■ 

Let us construct now a gauge field A 01 whose (/ C -orbit corresponds to a given point 
w G Wo ■ To this end, we shall choose a smooth isomorphism U of rank 2 vector bundles 
over £ with trivial determinants, 

U : L^@Lo — »ExC 2 . (2.10) 

Let us twist the holomorphic structure of the vector bundle Eq = Lq 1 Lq by replacing 
its 5-operator by 

d+ ("o x i) =d + B%, (2.11) 

where b G A 01 (Lq~ 2 ). We shall denote the twisted bundle by E. Note that E is an 
extension of the line bundle L x by L x 1 . We may use the smooth isomorphism U of 
( p. 10 ) to transport the holomorphic structure from E to the trivial bundle where we get 
the <9-operator 

B + UB^U- 1 + UdU- 1 = B + A^] b . (2.12) 
Let c be a constant ^ or c = c p , see Eq. (2.8), and let v G T(Lq 2 ) . 

9c,v = ( c o X T) (2-13) 

is a smooth section of the bundle Aut(Lg 1 © Lq) of automorphisms of Lq 1 © Lo . The 
gauge transformation B®\ t— > 9c ^5 x 6 = g~lB^ b g CiV + g~^Bg CjV preserves the form of 
the gauge field f? x 6 shifting 

a x i-> a x + c _1 9c and 6 i-> c 2 (b + (9 — 2a x ) v) . (2-14) 
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In particular, for c = c p , a x i— > a x + c p l dc p = a px . The corresponding fields are 
gauge-related by 

h c , v = Ug c , v V- x eg c , (2.15) 

so that they lie in the same C/ C -orbit. Taking constant c / 0, we see that b leading to 
the same class in the projective space 

P(A 01 (L 2 )/a L - 2 (r(L - 2 ))) - ¥H\LZ 2 ) (2.16) 

give gauge fields A^ b in the same £/ C -orbit. The class of b in Pi? 1 (L x 2 ) is exactly the 
one describing the rank 2 h.v.b. E , an extension of L x , associated to the orbit Q C A^ b . 

Choosing x in a fundamental domain in S and one b in each class of Pi7 1 (L x 2 ), we 
obtain a slice s : PWo — > *4 01 which cuts a generic orbit a finite number ( = 2g ) of times. 
One may take s to be piecewise holomorphic. 



3. Determinant bundle 



Let us fix a hermitian structure on the h.l.b. Lq . It induces a metric connection on Lq 
whose covariant derivative in the antiholomorphic direction coincides with the d operator. 
Let Fq denote the curvature form of this connection (normalized so that J s ^Fq = 
deg(Lo) = g — 1 ) . The hermitian metric on Lq induces a hermitian structure and a 
connection on Lq 1 and, putting both together, a hermitian structure and a connection on 
Lq 1 © Lq . Let us denote by V the holomorphic covariant derivative in Lq 1 © Lq . The 
complete covariant derivative is V + d . Clearly, its curvature form 

curv(V + £>) = (- Fo . (3.1) 

Let us assume that the smooth isomorphism U : Lq 1 © Lq — > S x C 2 maps the hermitian 
metric of Lq 1 © Lq into the one coming from the standard scalar product of C 2 . Using 
U , we may transport the connection on L^ 1 © Lq to the trivial bundle ExC 2 : 

u(y + B)^ 1 = d + uvu- 1 + uBu- 1 = d + Af + Aq 11 = d + A) • (3.2) 

The right hand side gives a unitary connection, so that Aq* = — (Afj 1 )^. The curvature 
forms are related by 

curv(C/(V + a)^" 1 ) = F(Aq) = dA + AqAAq = U ( £ ) U' 1 . (3.3) 



We shall represent the CS states by holomorphic sections of a line bundle over FWq . 
To this end, let us define, for a CS state ^ , a holomorphic function 

V(x,6) ee exp[£/tr<A< 6 ] *«,) (3.4) 
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of x 6 S and b € A 01 (Lq 2 ). As is shown in Appendix F, only the normalization of 
t/j depends on the choice of the hermitian structure on Lq and of the isomorphism U . 
Since the C/ C -orbits of the chiral gauge fields A ( K 1 b form a dense subset of A 01 , is 
uniquely determined by the function ip . The gauge relations between the forms A^ , 
induce constraints for functions ip , due to the gauge invariance of CS states . In 
particular, 

^(x,6+(a-2o x » = exp[kS(h v , A™ + Al] b )] ^(x,6), (3.5) 
V>(x,c 2 6) = exp[kS(h c ,A^ + A°) b )] , (3.6) 

*P(px,c 2 p b) = exp[kS(h Cp , Al° + Ai] b )} ^(x,6) , (3.7) 

where h v is given by Eq. ( fTPf ) with c = 1 , h c by the same formula with v = and 



c S C x = C \ {0} and h Cp by setting v = and c = c p , see (£ 

Let us study these transformation properties in greater detail. The first two equa- 
tions become much more transparent if we rewrite them in the infinitesimal form. Since 
A-ltea S{h,A) = &F(A) , we obtain 

&U S(h v ,Al°+A% b ) = £tr a+CZ-^^+^yC/ 
= ^tro+(curv(V+5)+V(J^))= Jttrfg J>) + f"f 2^1 = °> ( 3 - 8 ) 



where we have used the identity: curv(V + d + B^} b ) = curv(V + d) + V(-B° 1 6 ) . Above, 
V(fc) stands for the holomorphic covariant derivative of the LQ 2 -valued 0, 1-form b. Sim- 
ilarly, 

iUsv^jW + W-^f^l •,)((-? *,)+(-*- si;))) 

= ; / Fo = 2(9 - 1) . (3.9) 

As for the relation (3.7), first notice that we may reduce the calculation to the case 6 = 
since for h = h Cp , 

S(h, Al°+Al] b ) = S(h, Al°+A° x ] ) +±ftr [{hdh~ l + M 1 ^h- 1 -A 1 ^) AUa+bU' 1 ] 
= S(h, <+< ) + h I tr W^+c^dcpAb] = S(h, Al +A° x ] ) . 



We shall show in Appendix A that for c a non-vanishing function on £ , for g c 
and for h c = U g c U~ 



C Q 1 ° J and for h c = U g c U 1 , 

exp[5(/ lc , 4° + <„)] = e^4 C " l9cA(c " 15c+2ax) „(c) . (3.10) 

Note that, except for the last factor, the expression on the right hand side is e s (9c,-^ 3 a^) 
where g c is viewed as a standard SL(2, C)-valued field. The correction term is 

„(c) = e^ Folnc J] ( Wa . b ^ S \ > (3 . n) 
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where W a . ( Wf, . ) stand for the holonomy of the metric connection on Lq along the a,j 
(bj) cycle, lnc(x) = / c~ 1 dc, where the integration path is taken inside a fundamental 
domain of £ obtained by cutting the surface along the cycles a,j , bj starting at xo • 
Altogether, 

«P[S(/ !CI ,< + ^)] = .•tf,«><*o-'tf,.) + *tf,«.><*oX»> „ M 

= Mfa, x ) v ( c v) ■ ( 3 - 12 ) 



Gathering Eqs. Q and @, Q and Q, Q and ( gig ), we obtain 



PROPOSITION. Holomorphic functions tp possess the following transformation 
properties: 



^(x, A6+(d-2a x )t>) = A fc{9_1) t/>(x, b) , (3.13) 



^(px, clb) = n(p,x) v(c v f ^(x, b) . (3.14) 



In particular, for fixed x, V( x > ■) is a homogeneous polynomial of degree k(g — 1) on 
H l (L~ 2 ). Note that the factor x) appears in the transformation property for the 
square of Riemann's theta function: 

, / r px s 1 / r px \ px i / r x \ 1 I r x s x 

e ^(4 ^)w(4 ^) tf(/ w | T )2 = e - fc (4 -) — (4 -) ^(/^jr) 2 . (3.15) 

The map x i— > w | t) 2 defines a holomorphic section of the bundle K(2xq) . The map 
Hi B p i—* v (c p ) is a character of the fundamental group IT . We show in Appendix A 
that it defines the flat bundle L(—gxo) 2 . Hence a holomorphic function </>(x) s.t. 

4>(jpx) = (J,(p,x) u(cp) 0(x) (3.16) 

defines (upon multiplication by e ""^^o^) ( Imr ) (4,,^)^ a sec tion of the line bundle 
L 2 K{{2 — 2g)xo) . The transformation properties fl3.13| ) and ( |3.14| ) may be rephrased by 
saying that ijj is a holomorphic section of the k th power of a h.l.b., which we shall denote 
DET , over the total space of the fiber bundle PWq • Explicitly, 

DET = zu*(L 2 K((2 - 2g)x )) Hf (W ) (1 ~ 9) (3.17) 

where w is the bundle projection of PWo an d Hf (Wo) is the tautological bundle over 
PW . In particular, the restriction of the h.l.b. DET to the fiber Pi? 1 (L(-x)" 2 ) of PW 
over x G £ is the (1 — g) th power of the tautological bundle over Pif 1 (L(— x)~ 2 ) . As we 
shall see in the next section, the h.l.b. L 2 K{{2 — 2g)xo) is isomorphic to (the Hi quotient 
of) the determinant bundle of the family [d — <r 3 a x ) of (^-operators in Lq © Lq . In 
turn, the line bundle DET is isomorphic to (the Hi quotient of) the determinant bundle 
for the family (<9 + B^ b ) of (^-operators in Lq Lq . Note the simple way by which 
the addition of the upper-diagonal gauge field b in the 5-operator manifests itself in the 
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determinant bundle. The map i— > V embeds the space of CS states onto a subspace 
TC C i? (DET) . The space H°(DF,T) of the holomorphic sections of a line bundle over 
the compact space Wq is finite dimensional so that the finite-dimensionality of the space 
of CS states follows. Given ip € H° (DET) , the question whether it comes from a CS state 
should be determined by its behavior at the codimension one subvariety defined by ¥W% 
in the moduli space Af s of stable bundles. We shall return below to this question which 



requires some refinement of the analysis of ITT [ 22 



For the later use, it will be convenient to write the homogeneous polynomial i/)(x, •) 
on H l (L~ 2 ) in an integral form following from the Serre duality: 



= / X(x; xi, . . . , £fc( 9 -i)) b(xi) ■ ■ ■ 6(xfe( g _i)) (3.18) 

for b G A 01 (L ) and x(x; •) G H° (S^- 1 ) (L*K)) , where, for a h.l.b. M over E, S" n M 
stands for the n-fold (symmetrized) tensor product with the bases space S ra , the 71- 
fold symmetric Cartesian product of S . The x-dependence of x again gives rise to a 
section of L 2 K((2 — 2g)xo) so that we may view x(- ; ') as a holomorphic, pr2-horizontal 
k(g — l),0-form on S x E^ 9-1 ) with values in the h.l.b. 

pr 1 *(L 2 K((2-2 5 ) 2;o )) fe ^-i) (/:o 2 ) = Bfc< (3 . 19) 



4. Relation to Bertram's picture 



Paper Q, see also [p2|1 , describes a somewhat different, simpler, construction of the space 
of CS states. It is based on the realization of a generic rank 2 determinant bundle as an 
extension of a fixed degree g line bundle L . Taking 

Bf = (l b o) , (4-1) 

where b' € A 01 (L -2 ) , we shall put 

A'° b l = U'A'fu'- 1 + U'BU'- 1 (4.2) 
where U' : L" 1 L — > E x C 2 is a fixed smooth isometric isomorphism. Defining 

V/(6') = exp[^ /tr <A<] *(< X ) , (4.3) 

we infer in the same way as above that 

iP'(\(b' + 5v')) = \ kg 4>'(b') , (4.4) 

compare (3.13). Hence each tp' is a degree kg homogeneous polynomial on ff 1 (L -2 ). 
The latter space has dimension 3g — 1 and the number of independent homogeneous 
polynomials of degree kg on it is ( fes 3 + 3 _V 2 )- B y the 

Serre duality, we may write 
= J x'(xx, x kg ) b'( Xl ) ■ ■ ■ b'(x kg ) (4.5) 
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where x' G H°(S k9 (L 2 K)) . 



THEOREM 2a of On. T/ie CS states correspond exactly to the polynomials ip' s. t. 
x' G H° (S kg (L 2 K)) vanish whenever k + 1 of their arguments x n coincide. 



The dimension of the space of such polynomials was shown in [22] to be 



E (sm^giir 9 , (4.6) 



_• 



in agreement with the Verlinde formula Q for the dimensions of the spaces of CS states. 
Let us set 

X(x; xx,..., = x'{x, ...,x,X!,..., x k ( g _y) . (4.7) 

k times 

Note that 

x{x;x,x 2 ,...,x k ( g _ l - ) ) = and g^\ mi = x ^i, ■ ■ ■ , ^(g-i)) = (4.8) 

where the second equality is obtained by differentiating the first one over x . In particular, 
for fixed x, x{x; •) G (L 2 ^)^ (8>if°(5' A: ^~ 1 )(L 2 i ; C(-2x))) . We may also interpret x(x; •) 
as a holomorphic fc(<7 — l),0-form on X^ 3-1 ) with values in the line bundle (L 2 K) k \ x ® 
5 fe (9- 1 )(L 2 (-2x)). 

We shall show that giving x is equivalent to giving tp in the description of the CS 
states of the previous section. For this purpose, let us consider a line bundle 0(— A) over 
X x X where A denotes the diagonal. £q = pr2(L)0(— A) = pr2*(L)(— A) is another 
realization of a family (L(— x)) of the h.l.b. 's, different one from Cq described before. It 
is not difficult to see that 

4 ^ P r$(0(-x ))Co . (4.9) 

An explicit isomorphism is given in Appendix B. If = R x pr\M i ) then 

Wq ^ O{2x )W , PWq S PVF and Hf(W^) ro*(0(2x o )) Hf(W ) . (4.10) 

Now x , with its x-dependence taken into account, may be viewed as a holomorphic 
(pr2-horizontal) k(g — l),0-form on X x X^ 9 " 1 ) with the values in the h.l.b. 

B' k = pn*{L 2 K) k S^-^iC'o 2 ) . (4.11) 



Since the h.l.b. 's B' k of Eq. (|4.1l| ) and B^ of (|3.19|) are isomorphic due to ([0)1) , x in- 



troduced by formula ( |4.7D is the same type of object as x considered in Sect. 3, see Eq. 
([3. 18 ). Indeed, in Appendix C we show that the two x' s coincide completely under an 



explicit isomorphism. This will establish the precise relation between the two descriptions 

4 We have learned this reformulation of the result of jl] from B. Feigin who discussed in J2^] its gener- 
alization to the case with insertions and with arbitrary simple groups. 
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of the CS states: by functions tp which we shall employ in this work and by polynomials 
ijj' . Let us briefly sketch here the geometric picture due to Q p2^ j which is at the core of 
the detailed analysis of Appendix C. One may embed the curve £ into Pi7 1 (L~" 2 ) by 

[b' x ] eFH\L- 2 ) , (4.12) 

where, for rj' 6 H°(L 2 K), f s i]'b x = rj'(x) in some trivialization of l?K around x. 
We shall see in Appendix C that [b x ] corresponds to an an extension of L which, as a 
rank two bundle, is isomorphic to the split bundle L(— x)~ l © L(—x) . The condition of 
Theorem 2a of M meansQ that ip' vanishes to order k(g — 1) — 1 on (the image of) £ . 
In this description, the CS states are thus realized as homogeneous polynomials ip' on 
(3g — l)-dimensional vector space which vanish to some order on the explicit embedding of 
£ into the space. V' s are given by the k(g — l) th Taylor coefficients (the first non-trivial 
order) of ?// on £ . 

Similarly, one may embed £ into ¥H l {L(— x)~ 2 ) by mapping y to [b y ] s.t. / rjb y = 
r](y) for each r\ E H°(L(—x) 2 K) . [b y ] defines an extension of L(—x) which, as a h.v.b., 
is isomorphic to L(—x — y)~ l L(—x — y) . Changing also x, we get an embedding 
of £ 2 into the bundle PWo considered in Sect. 2. Replacement of the image of £ 2 in 
PWo by WWi is the second blow-up step of f|][^]- Their analysis shows that, again, 
x(x; yi, . . . ,yk( g -i)) vanishes whenever k + 1 of y n 's coincide. We may then equate k 
of y n 's and continue the process including higher and higher PW r 's into the game. It 
is interesting to know whether the vanishing of x( x ! ^lj • • • > x k(g-i)) at A; + 1 coincident 
points characterizes completely the sections tp G iJ°(DET) coming from the CS states. 

Let us remark, in the end, that the h.l.b.'s isomorphisms det Rpri^C'o) = L^ 1 and 
det Rpri^C'o" 1 ) = (LK)^ 1 following from the exact sequence 

— pr 2 *(L)(-A) — > pr 2 *(L) — » pr 2 *(L)\ A — » 

and the relation ( |4.9[ ) imply that the determinant bundle det _1 i? pri^C^ 1 © jCq) of the 
family (3 — cr 3 a x ) of 9-operators in Lg 1 ©Lo is isomorphic to the h. Lb. L 2 K{{2 — 2g)xo) . 
This provides an interpretation of the first factor on the right hand side of Eq. (|3.17l ). 



5. Projective formula 

The outcome of the calculation performed in this paper is much simpler than the cal- 
culation itself. We shall start by describing a softened version of its result. It will give 
the scalar product of CS states up to a ^-dependent constant. Such data are enough to 
generate a projective connection on the bundle V\4 of state spaces. This should coincide 
with the projective class of the KZB connection and hence be flat. Sect. 9 contains a more 
detailed scalar product formula with the normalization fixed, up to an overall constant 
depending only on the level k and genus g (which could be traced through the calcula- 
tion). The detailed formula gives also the dependence of the scalar product on the metric 
of the surface (i.e., in particular, on its complex structure). 
5 this was the original formulation of Theorem 2a of pj 
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In the simplified formula, we shall use, as the geometric input, the representation of 
the CS states by the holomorphic k{g — l),0-forms x with values in the line bundle B' k , 
see ( [4.11 ), as well as hermitian structures on these bundles. It will be convenient to choose 



the latter in a specific way. Following [31], we shall call a hermitian metric on a h.l.b. 



M on E admissible, if the curvature form of the induced connection is proportional to 
the 2-form a = ^w(Iiiit) _1 Aw. Admissible hermitian structures exist and are unique 
up to normalization. We shall call a Riemannian metric on E admissible if it induces 
an admissible hermitian structure on the holomorphic tangent bundle of E . Let G(x, y) 
denote the Green function of the scalar Laplacian A on E chosen so that / E G(-, y)a(y) = 
0. G(x,y) has a logarithmic singularity at coinciding points. We shall define 

: G(x, x) : = lim (G(x, x') — — In e) , (5-1) 

with the distance d(x, x') = e . An admissible Riemannian metric on E normalized so 
that : G(x, x) : = is called the Arakelov metric p2| . It will be also convenient to fix the 
dependence of the hermitian structures on the parameter for families of h.l.b. 's on E. In 
particular, the line bundle O(A) over E x E may be provided with a hermitian metric 
by setting 

\l(x,y)\ 2 = e 4nG ( x ' y) (5.2) 

for its canonical section 1 . Fixing also an admissible hermitian structure on the h.l.b. L , 
we obtain this way a hermitian metric on CJ = pr2*(L)(— A) which may be viewed as a 
family of admissible hermitian structures on the family {L{— x)) of h.l.b. 's realized as jC'q . 
The above choices determine a hermitian metric on the h.l.b. B' k of ( 4,ll| ) in which forms 
X of Eq. (f4,7|) take values. 

Another geometric input in the scalar product formula comes from the linear map 

H°{K) 3 v l W v [b"\ G H x (L(-x)- 2 K) H (L{-x) 2 )* (5.3) 

defined for each b" € A 01 (L(— x) 2 ) and depending only on the class of b" in H l (L(— x)~ 2 ) . 
As we shall see in Sect. 6.3, the rank of this map controls the (local) regularity of the 
projection from A 01 into the orbit space A 01 /G c . l(x,b") may be viewed as an element 
of the vector space H°(K)* ® H°(L(-x) 2 )* . Since 

A 9 ~V(£T)* H°(K) ® det^H^K) , (5.4) 

one may consider A 9 1 /(-, b") as a holomorphic 1,0- form on E with values in the bundle 

Since it depends homogeneously on [b"] G H 1 (L(—x) 2 ) , 

we may write 

A 9_1 /(x,6") = J <j,{x\x 1 ,...,x g - 1 ) b"( Xl ) ■■■b"(x g ^ 1 ) (5.5) 

where is a holomorphic g, 0-form on E x E 9_1 with values in 

det" 1 ^ ^) ® pruldet-WpruJCtf) S^ 1 ^) . (5.6) 
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Note that the choices of the metric on E and of the hermitian structure on £' described 



above induce a hermitian metric on the h.l.b. (5.6) 



The functional integral calculation which we describe in this paper implies the following 
scalar product formula for the CS states: 

||* || 2 = const, i 1 M J det'(a| ( _ ;c)2 5 L (_ :E) 2) 

■ \S M ((/>(x;xi,...,Xg-i) x(x;x gi ...,x M ))\ A2 J] e -^G(x roi ,x m9 ) ^ 

Above, M = (k + l)(g — 1) , 5a/ stands for the symmetrizer of {x m ) , \ ■ | A2 denotes 
the (1 + M), (1 + M)-form obtained by pairing a (1 + M), 0-form with values in a h.l.b. 
with itself using the hermitian structures described above. The prefactor i 1 assures 
the positivity of the integrated form. The determinant of the operator d^_ x y 0l(-x) 2 re_ 
stricted to the subspace orthogonal to the zero modes should be zeta-function regularized. 



Notice that the product on the right hand side of Eq. (5/7) has a form of the Boltzmann 
factor for a gas of two-dimensional particles interacting with attractive Coulomb forces. 
Appearance of such "Coulomb (or, more properly, Newton) gas representation" was a char- 
acteristic feature of the genus zero scalar product formulae, see [jl3[[0. As mentioned 
above, we have not proven that the above equation defines the scalar product of CS states 
which induces (projectivized) KZB connection. The first thing which remains to be shown 
is that the integral on the right hand side of (|5.7| ) (over the modular parameter x and 
over M positions of "screening charges" at points x m ) converges for \ corresponding to 
the CS states. Although not proven in general, the convergence seems very plausible in 
view of the analysis of Sect. 9 below. In particular, it is evident for genus 2. Appendix F 
discusses other consistency checks of the complete scalar product formula worked out in 
Sect. 9. 



6. Change of variables 



As we have mentioned, the main idea of this work is a brute- force calculation of the 
functional integral (1J3) giving the formal scalar product of the CS states. This will be a 
long process in which the first step is the change of variables 



A 



01 



h ~A 01 (n) (6.1) 

where n i— ► A 01 (n) parametrizes holomorphically a (3<? — 3) = iV-dimensional slice of A 01 
(generically) transversal to the chiral gauge orbits. The reparametrization (|6.1| ) permits 
to transform the formal scalar product formula into 

2 



1*1 



|*(^ 01 (n))| 2 e-^ ; S tr ( A 1 A 01 (n))^A h 1 A 01 (n) 



d( h a 01 ( 



n) 



d(h, n 



Dh]Jd 2 n a (6.2) 



where Dh = FJ dh(x) is a formal local product of the Haar measures on SL(2, C) . We 

-i 2 

— of the change of variables. Notice that under 



have to compute the Jacobian 



d(h,n) 
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an infinitesimal variation of h and n , 

5(^k 01 (n)) = h ~ 1 D n (hr 1 -Sh) + h 



(6.3) 



where D n = d+[A 01 (n), ■ ] and h ^D n = Ad h -i£> n Ad ft . Assume that A 01 (n ) defines 
a stable vector bundle. Then, for n close to no one may choose a basis (w a (n)) a=1 of 1, 0- 
forms with values in sZ(2,C) such that D n oj a {n) = and uj a {n) depends holomorphically 
on n . Notice that the relation D n iv a (n) = holds if and only if 



tr u> a (n) A D„ A = 



(6.4) 



for all (smooth) sl(2, C)-valued function A so that uj a (n) may be viewed as covectors 
tangent to the orbit space A 01 /Q c since they vanish on the variations D n A tangent to the 
orbit of Q c through A 01 (n) . The space A 01 has a natural scalar product corresponding 
to the norm 



|^ 01 || 2 = i I tr(^ 01 )t Aj 4 01 . 

J T. 



Using this scalar product, we may decompose 

A 01 = im( A_1 D n ) © (im(^ 1 J D n ))" 



(6.5) 



(6.6) 



Notice that the subspace (im( h ^n)) 1 - orthogonal to the image of h X D n is spanned by 
the forms (/i _1 uj° ! (n) hy . The (holomorphic) derivative of the change of variables ( |6.1| ) is 



S( h ~A m {n)) 
6(h, n) 



Q dn a 



"Dr. 





(/,- 



-l dA 01 {n) 
dn a 



h)~ 



(6.7) 



where 



(^^Sr^ = i{h- 1 u\n)h)^ {Sl(hh\n)-% p I tr ^(n)A^ (6. 



dn a 



with n(hh^,n)^ = % J tr h~^u^(n) h A (/i _1 u; 7 (n) h)i . It follows that the Jacobian of 
the change of variables (|6.1|) is 



d( ft k 01 (n)) 



<9(/i, 



det(( h 1 £> n ) t ' 1 l D n ) det n)) -1 



det 



tr iv p (n) A ^ ; 



(6.9) 



Of course, det(( h D n )^ h l D n ) has to be regularized, e.g. by the zeta-function pre- 
scription. The chiral anomaly permits to compute the /i-dependence of the regularized 
Jacobian : 



det(( h 1 J D n )t /l *D n ) det(fi(W»t >n ))-i 
e AS(hh^,A(n)) det(^t5 n ) det(0(l,n))- 1 



(6.10) 
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where A(n) = — (^4 01 (n))^ + A 01 (n). Also a short calculation using the transformation 
properties ( |1 . 1|) shows that 



k 01 (n))| 2 e-5 



. e fcS(W»t,A(n)) _ / 6>11 j 



Inserting Eqs. ( |6 .9| ) , ( BTTO) ) and ( 6.11| ) into the functional integral (^T^), we obtain 

i*li 2 / |M/(A 01 (n)| 2 e ~f / E ^(^ 01 (n))tAAOHn) e (*+4)S(W»U (n)) ^(^t^) 



det(Q(l,n))" 1 



det 



tr (n) A » v ; 



D(hh))\\d 2 n a , (6.12) 



where we have used the fact that the integrand depends on h only through hh^ , related to 
the gauge invariance of the original integral ( |1.6j ) , to reduce the /i-integration to that over 
the hfv fields effectively taking values in the hyperbolic space SL(2,C) / SU(2) . D(hh<) 
should then be interpreted as the local formal product Yl d(hh')(x) of SL(2, C)-invariant 
measures on SL(2,C)/SU(2) . 



Formula ( 6.12j ) decomposes the original functional integral ( |1.6j ) over A 01 into the one 
along the orbits of the chiral gauge transformations, which has the form of the partition 
function of an SL(2, C)/SJ7(2)-valued WZW model p§p7| 



D{hh ] ) , 



(6.13) 



and the integral along a slice n i— > A m (n) of A m which we shall parametrize by the 
complex bundle PWq . More exactly, as discussed in Sect. 2, we shall consider the map 



(x,6) 



A 01 



(6.14) 



with x running through a fundamental domain of 111 in S and one b in each class of 
Pi7 1 (L~ 2 ) . Such a map gives a multiply parametrized slice of A 01 (as we have seen in 
Section 2, the induced map from ¥Wq is essentially a multiple covering of A 01 /Q c ; one 
may show that multiplicity is equal to 2g) . Let (r/^) _ 1 be a basis of H°(L^K). r]® 
may be chosen locally as depending holomorphically on x . The integrals 



(6.15) 



provide coordinates on ^(L" 2 ) (homogeneous coordinates on P// 1 (L~ 2 )) and a local 
(holomorphic) trivialization of Wo . We shall have to find explicit expressions for various 
terms under the integral ( |6.12 ). 



6.1. Term |^(A 01 (n)| 2 '= 



f tr (A 01 (n))tAA 01 (n) 



Using Eq. ( |3.4| ), we obtain 



°Mi 2 p-I/eM^)^^ 



(x, 6) | : 
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. e -£ 4*'(^+WA(-»8 l +^-S4 tt a o°a< _ (616) 

Recall that ^ 6 = C/S^C/- 1 + [/at/- 1 , = UVU' 1 = -(UdU- 1 )^ = -{A^ 

with B°] b = ("«« aj- Hence -Af + ^ = UB^U^ and ^ + (^t = 

U{B^U~ X , where (B°^) t = Q _%) with the Lr7 2 -valued 1,0-form 6+ being the 

conjugate of 6 with respect to the hermitian metric (•,•) of Lq 2 . It follows that 
f tr «+ (^)t) A (_4>i + i4 0l) = + L(6,A6). Consequently, 



l xb)l e 2 " E x ' ft x ' 6 = e "° ;imTUa; o ' |^( x , 5)[ 2 . (6.1 



6.2. Term e (k+£)S(hht,A(n)) 

Consider the field U~ 1 htf U . It is a smooth section of the bundle End(Lg 1 ©Lo) taking 
values in the positive endomorphisms. It is easy to see that, necessarily, 

U hh ' U ={ e -^t e-p) = \ e"^ 2 ){ e"^ J = ^ (6.18) 

for unique real function ip on £ and « G T(Lq 2 ) . We shall prove that 
S(hh\ A x>b ) = ±-Jjp(dd<p-2F 

i 

Using the formula (|A.2[) of Appendix A, we see that 

SS(hh\ A x>6 ) = ± [ tr (^t)- 1 ^^) F(-«,)t + (^ t )-k° 1 6 ) 

^ E 

= 5F / tr to t )- 1 <5(55 t ) curv( V - « 6 )t + (^t)-i(a + B 01 )(gg^ ) (6.20) 
By a straightforward computation, under holomorphic variations of v 

5S{hh\Af h ) = -±J Sv (d + 2a x ){e- 2 ^(b + (d-2a x )v)y (6.21) 
and under antiholomorphic ones 

5S{hh\ Al] b ) = ± f (V + 2o^) (e~ 2 ^(6+ (5 - 2a x )v)) (6.22) 

J E 

which coincides with the v-variations of the right hand side of ( |6,19| ) . Thus we may assume 
that v = . Then the variation of S with respect to ip becomes 

5S(hh\ A^ b ) = ij 5ip (ddcp - F + e^tf A ft) (6.23) 

(recall that Ba x = 0) which is also the variation of the right hand side of Eq. ( |6.19| ) for 
v = 0. This ends the proof of flOD since S(hh\ A^ b ) = for hh! = l. 



' E 

f e" 2 ^ {b + (5 - 2a x )v) , A(6+(a-2ox)«)) + ^/<&> A6) . (6.19) 
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6.3. Term det n))' 1 det ( J ti u^n) A 2 l\d 2 n. 



We have to look for sl{2, C)-valued 1, 0-forms w(x, b) = u such that du> + A^ b u)+uA^ b 
. Such forms represent vectors cotangent to the orbit space A 01 /Q C . Writ me 



u = U 



U' 1 = U P U~ l 



(6.24) 



where r\ € A 10 (Lq)) £ A 10 an d A G A 10 (L 2 ), the condition for u becomes dp + 
B^\p + pB®\ = or, in components, 



(<9 + 2a x ) r? = , dp J = -rjAb, (d — 2a x ) A = 2p A b . 



(6.25) 



The first of these equations requires that r/ € H°(L^K) which has dimension N. The 
second one has a solution if and only if J r/ A b = which, for 6 corresponding to a 
non-zero element in ff x (L~ 2 ) , defines a iV — 1 dimensional subspace in H°(L^K) . For 
r) in this subspace, 



p = 2id G{-,y){-qAb)(y) + u = pP{-q) + u , 



(6.26) 



where G(x, y) is a Green function of the Laplacian on £ and v is an arbitrary holomorphic 
1,0-form on S. Finally, let (K r )^_ 1 be a basis of i?°(L x ). K r may be chosen locally 
depending holomorphically on x . The third of the equations ( |6.25| ) has a solution for A 
if and only if 



K r pAb= / K r p (rj)Ab+ / k t u A b 



(6.27) 



for each r. Then the solution for A is unique since H°(L~ 2 K) = {0} since we have 
chosen L so that L 2 is never isomorphic to K . Let us consider more carefully the 
condition ( |6.27 ). Notice that the exterior multiplication by b induces a linear map 



Z(x,6) : H°(K) — ► H^L^K) . 



(6.28) 



Z(x, b) depends only on the class [b] of b in i7 1 (L x 2 ) . The dimensions of the spaces are 
dim(H°(K)) = g and dim^ 1 ^ 2 ^)) = dim(#°(L 2 )) = g - 1. If Z(x,6) maps onto 
then, for fixed p (rj) , there exists v solving ( |6.27D and it is unique up to the addition 
of v from the one-dimensional kernel of l(x,b). Altogether, the space of solutions of 
Eqs. ( 6.25] ) is then iV-dimensional: N — 1 dimensions of the freedom to choose r\ and 
1 dimension in the choice of v. Let us examine the condition of surjectivity of Z(x, b) 
which guarantees that the the space tangent to the £/ C -orbit through A^ b is of maximal 
codimension (= N). Taking the standard basis (co l ) 3 ._ l of H°(K) , this condition means 
that the matrix 



fn r u l A b 



(6.29) 



has rank = g — 1. The [6]'s in i7 1 (L x 2 ) for which this fails are common zeros of g 
homogeneous polynomials giving the (g — 1) x (g— 1) minors of the matrix ( |6.29| ). If these 
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equations are non-trivial, it follows that l(x,b) is surjective except for a subvariety of 
positive codimension. To see their non-triviality notice^ that Z(x, b) fails to be surjective 
if and only if for some 0/k£ H g {L^) 

[b] e B K = { [b] I / kv A b = for all v £ H°(K) } . 

E 

But U K B K is at most 3g — 5 dimensional (dim(£? K ) = 2g — 3 and -B K depends only on 
the class of k in the (g — 2)-dimensional projective space P-fT (L^.)). 



For given b £ A (L~ ) corresponding to a non-trivial element in H (L~ ) , we may 
choose the basis (?/ a )^L 1 of H°(L^K) so that z 1 (= / r/ 1 A 6) / and z Q = for a > 1 . 
Suppose also that the non-zero [g — 1) X (g — 1) minor of the matrix ( |6.29| ) corresponds 
to i < g . Then, we may take 

r7 = 0, /i 1 = to 9 - J M ir {J K r u 9 A b) , A 1 = 2d~ 1 (fi 1 A 6) , (6.30) 

E 

where (Mj r ) is the matrix inverse to (/ k, t uj 1 A fr) i<3 , and, for a > 1 , 

rf , //* = M V) - J M ir U^iAv")) A b) , A Q = 2d- 1 (//* A 6) (6.31) 

E 

as giving a basis of solutions of Eqs. ( |6.25 ) and, consequently, a basis (a> a (x, 6)) of the 
sZ(2, C)-valued 1, 0-forms representing covectors tangent to the orbit space A 01 /<3 C at the 
orbit passing through A^ b . Above d^ 1 = {d L -2 K ) ■ With this choice, 

det(n(l,n)) = det(n(l,x,6)) = det Q \ A yP + {rf , M P ) + (A a , ^)) J (6.32) 

(r/ 1 should be replaced by zero). Moreover, since J tr o^(x, 6) = / (2/i^5a x + 

det( / tr A^£^) = ^ |w s (x) - ^(x) M fr (/ K r uj 9 A &) T JJdV*, (6.33) 

where, for a form a; , |i^>j A2 denotes the form cD A cj . A simple algebra shows that 



9 (x)-u i (x)M ir (fK r u 9 Ab)=det(fK r uj i Ab)-} ^(-l) s ' det(/ K r u/A 6)^ V(a;). (6.34) 

1<S i= i 



It will be convenient to represent det(f2(l, x, b)) as a finite dimensional integral. To this 
end, consider a linear map B : H°(L^K) © H°(K) — > C 9 given by 



5(7?, u) = (Jr,Ab, fK r (^(r,) + v) A b) (6.35) 

E 



and another linear map C: ker(B) -> A 10 (End(Lo 1 © L )) s.t. 



3 We thank J.-B. Bost for this argument. 
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(with d 1 = (d L -2 K ) 1 ) . A straightforward calculation shows that with V = (rj, u) 
and DV standing for the volume element of H°(L^_K) © H°(K) coming from the scalar 
product induced by the hermitian metric of Lq and the metric of £ , 



5{BV) e" 



liCVII 



DV 



\z 1 \- 2 |det(/rcV A b) i<g \~ 2 det(flb) 

s 



det(Imr) det (0(1, x, 6)) _1 



where 



E 

Putting together Eqs. flQgp , and (|^), we obtain 

det (0(1, n))- 1 | det tr c^(n) A | 2 U d 2 n, 

= const. f N det(Ho)- 1 det(Imr)- 1 (j6(BV) 



c oi 1 ,...,a N 



z ai dz a2 A ... A dz aN 



cv\\ 



DV 



(E (-iydet(/ E «VA6)^ V(*) 

3=1 



(6.37) 
(6.38) 



(6.39) 



(with a numerical, easy to trace, (^-dependent positive constant in front; the power of i 
makes the right hand side a positive measure). We have given the term \z l dz 2 A. . .Adz N | 2 
a form independent of the assumed relations z 1 ^ , z a = for a > 1 . 



7. Calculation of det {DlD n ) 



Let A be an sl(2, C) valued function on E. Writing 



A = t/( * ^jt/- 1 , (7.1) 



Z A 

-2 



where A is a function, Y G r(L„ ) and 2" € r(Lg) , we obtain 

DA= (-8X + Zb (8-2a x )Y + 2Xb\ , 

It follows that 

(A, DlD n A) = i f tr (-D n A) f A Z) n A = i / (2(SX-Zfo) A (<9A - Z6) 

+ (ay + 2A6, a (ay + 2X6)) + (dz, a az) ) , (7.3) 

where in the last line 8 = 8 L -2 ( 8^2 ) when acting on Y ( Z ) . Formally, 
det(£t A») _1 = /" e -(A,5t5 nA ) DA 

r~iJ s (2(W^b)A{dX-Zb) + (dY+2Xb,A(dY+2Xb)) + (dZ,AdZ)) DYDXDZ 
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and we shall compute the latter Gaussian integral iteratively, first integrating over Y then 
over X and in the end over Z . As we shall see, this procedure requires a correction if 
we want to assure that the final result gives the zeta-function regularized determinant of 
DlD n . It would be more natural to consider A as anticommuting ghost field rather than 
the commuting one. Indeed, this is det(l)J l Z)„) and not its inverse which appears in the 
expression for the scalar product of the CS states. The choice of commuting fields A in 
this calculation is purely a matter of convenience. 



7.1. Integral over Y 



where (Xb) 1 - is the component of Xb orthogonal to B(T(L~ 2 )) C A 01 (L~ 2 ). Recall that 
the scalar product in the spaces of sections is induced by the fixed hermitian structure of 
Lq and the metric on £ . Explicitly, 

(Xb) 1 = i(rf) f (^U / V 3 A Xb , (7.6) 

E 

where (Ho) a P is given by Eq. ( |6.38| ). We have 

i I {(.Xb) 1 , (Xb) 1 } = frfAXb (H Q l )p a / rf A Xb . (7.7) 

E E E 

It will be convenient to express ^J^M™)^ as a 6(g - l)-dimensional Gaussian 
integral. Namely 

-U f <(Xf>)\pO>) x ) ?y , / TT \ f 2ic a ( ri a AXb + 2ic a [ Tj^Xb - c a (Ho) 010 cp 

e J s = 7r det(i?oJ / e J s j e 

• l[d 2 c a . (7.8) 



7.2. Integral over X 



We have to calculate 



, -if 2(3X-Zb)A(dX-Zb) + 2ic a f v a AXb + 2ic a f ij a AXb 

ix = / e s j e j e Da . (7.9) 



We have to fix the constant mode Ao = (/ X vol) /(area) 1 / 2 which corresponds to the flat 
direction in the above Gaussian integral, vol is the Riemannian volume form of S and 
area = J^vol. Let us multiply Ix by 1 = area • J 5 (Xq — a (area) 1 / 2 ) d 2 a. Changing the 
order of integration and shifting X to X + a, we obtain 



Ix = area ■ / 5(Xq — a (area) 1 / 2 ) d 2 a Ix = area • J e £ 



i f 2(dX-Zb)A(dX-Zb) 
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2ic a f ij"Mi) + 2ic a f i)»Mi) + 2iac a f if Ab + 2i a c a f rj^Ab . . ^ 2 . . 

• e J s j e J s J s o(Ao) Z?X d a . (7.10) 

Performing the a-integral first, we obtain 

2 

Ix = -r " area " ^ ( c Q 7??° A 6 ) 

E 



-if2(dX-Zb)A(dX-Zb) + 2ic a fr] a AXb + 2ic a fri a AXb 

e E ee o(Aq) i/Jl 



^ • area • 5(c a jrf Ab) e 2t I s ZbAZb 

E 

- f X (-AX) vol + 2i f X(c«i7 a A6+9(^6)) + 2i f X(c aJ7 Q A6-d(Z&)) 2 

e J s j e j e o(Ao) DI a a 

/(iet'(-A)V 1 -2i f ZfeAZfe 4 f f (7^FAb-d(Zb))(x) G(x,y) (c a ri a Ab+d(Zb))(y) 

const. — - e s e » s 

V area / 

E 

dct'(-A) V 1 -2i / ZfeAZfe - 4/ / (a(^6))(s) G(x,y) (B(Zb))(y) 



= const. 

-2i/ ti a {c a r) a )AZb-2i J l i°(c aV <*)AZb + 2i J fJ P(c aV a ) Afi°(c aV a ) Q 

• e J s j e j e 6(c a jrj Ab) , (7.11) 

E 

where det' denotes the determinant of the operator restricted to the subspace orthogo- 
nal to its kernel, G(x,y) is a Green function of the Laplacian A on £ and n°(rj) = 



2id J G{ - , y) (rj A b) (y) , as in Eq. (|6.26| ). It is easy to see that 



-2iJ ZbAZb-^J J (d(Zb))(x) G(x,y) (d(Zb))(y) _ -«/ (Zb)± A(Zb) 1 - 
e ^ EE — Q E ? (/.izj 

where (Zb) 1 - is the component of 26 orthogonal to the image of d acting on functions 
on £ . Explicitly, 

2*/(Z&)X A (^ = (/^AZ6) (-^) y (J<J A Zb) . (7.13) 



We shall rewrite the exponential of the latter expression as a 2<7-dimensional Gaussian 
integral: 



e - 2j / E (Z^A(Z^ = n - 9det{lmT) 



-4e ( (lmr)v e,- - 2ie t f w l AZb-2ie;f i^AZft -n- ,n ._ 

e j e j e ||a ej . (7.14) 



Gathering Eqs. ( PH) , (ffl^) and (|7.14Q , we obtain 

r , s /dot'(-A)\ _1 -2t f ^{c aV a )AZb - 2i f ti°(c ct r l °i)AZb 

iv = const, det (Imr 1 e £ j e 

v ' V area I 



2i f fi°(c a -n c ')Afi (c a il a ) f -4ej (Imr)«ew - 2i e» f u i AZb-2ie i [ iJ AZb t-t , 9 
e s / e J s j e J! ^ 



5(^/7?° A 6) . (7.15) 

E 
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7.3. Integral over Z 



The integral to calculate is 

_ f -if {dZ,AdZ)-2if Z(n (e a r, a ) + e i u> i )Ab-2i [ Z {^{c a r) a ) + e^)/\b 

Iz = / e £ s J s DZ . (7.16) 



Let us decompose Z into the part Zq in the kernel of d (i.e. in H°(LD) and the part 
Z' orthogonal to H (L^). Writing Zq = f r K r , where (K r )* =1 is a basis of H°(L%), we 
obtain 



, -if {dZ',AdZ') -2iJ Z'( t i°(c a r 1 a ) + e 1 uj i )Ab-2iJ Z> ( A t°(c a r ? «) + e i w i ) A6 , 
7^ = / e s s s iJz 



const, det (if ) / e J s j e }]_cr/r 



= const. det(Ko) det'^ d L 2 )~ x J] 5(JV (fjP{c a r] a ) + e^) A 6) 

4*/ (a- 1 (( M °( Ca! r,«)4- e< a; < )Ab),a- 1 ((M (caJ7 a, ) + e^ i )A6)> 

• e £ , (7.17) 

where 

(ifof 8 = /(K r ,« s )vol (7.18) 

E 

and, in the last line of ( |7.17| ), <9 _1 stands for the inverse of d L -2 K . We may finally collect 
Eqs. 0, 0, (§, ([7I§) , O and ( fmp : 



-if (2(ax-zfe)A(9x-z6) + (9y+2X6,A(ay+2X6)) + <az,Aaz)) 
Jxyz = e s Z)Y Da .Dz 

= const, det (Ho) det(Imr) det(if ) det (d^^-a)" 1 ^ det ^ ( ~ A) j det'(d[ 2 d L 2 ) _1 
• A ( / c <*< A 6) ( / ^ (V°(cav a ) + e^) A 6) e~~ Ca ( " o)< ^ + 2% /^W^W) 

J S r E 

-4e i (Imr) i ^ j + 4t / (g" 1 (( M (c Q r ? O! ) + e^ i ) A6) , d" 1 (( / Lt (c a ?7 O! ) + ei£J i ) Afe)> y-r 2 -pr 2 

a i 

= const. det(Ko) det^^)" 1 f^ 2 ^) det' (3[ 2 d^)' 1 



J 6(BV) Q-W CV W 2 DV^j , (7.19) 



where the last integral is the same as the one introduced in Section 4.3. Notice that, with 
the use of Eq. ( |6.37| ), one obtains then 

Ixyz det (0(1, n)) = const. \z 1 \' 2 det (/ K r J A b) t<g |" 2 det (H ) det (Imr) det (K ) 

E 

det(9[„ 2 a L - 2 )- 1 (^^)" 1 det'(5t 2 a L ,)- 1 , (7.20) 
i.e. the ^-integrals cancel. This ends the formal calculation of det (-D£l) n ) . 



23 



Clearly, the determinants appearing on the right hand side of the expression ( |7.19| ) 
need regularization. If we use the zeta-function procedure to give sense to them, it is not 
guaranteed that the result will coincide with det (D^Dn) regularized by the zeta-function 
prescription. Indeed, the latter should satisfy the chiral anomaly relation ( 6.1C| ) but for 

h = U ( o l ) > we obtain 



det(( ft 1 D n )t h bn) det(0(/i/ l t,n))~ 1 = det (D* n D n ) det (0(1, n)) -1 , (7.21) 
if we use for det (DlDn)- 1 the expression on the right hand side of Eq. (|7.1S| ) , instead of 
det ( ( h_1 D n )t h ^D n ) det (Q(hh^n))- 1 



_2i 

e * u ^ 



det(DlD n ) det(fi(l,ra)) 



-i 



(7.22) 



given by ( 6.10|) (and Eqs. (|6.18|) , ( 6.19|) ). It is easy to guess that we should correct the 
formal result for det (D^Dn) by taking 



det(DlD n ) = const. det(Ko)" 1 det(d\_ 2 B L -2) (^-^) det' (d[ 2 d Ll ) 



_2i 

e " 



5{BV) e~ 



ll^ll 2 DV 



-i 



(7.23) 



Indeed, Eq. ( 7.2C| ) is replaced then by the relation 



det (£>*£>„) det(Q(l,n))' 



const. \z l \ 2 |det(/ k v uj 1 A b) z< 



■ det(H y l det(Imr)- 1 det(K ) _1 det(d\_ 2 d L 



( det'(-A) 
I area 



det'(d[ 2 d Li ) , (7.24) 



and ( |7.22| ) follows. We shall show in Appendix D that formula ( 7.23| ) is, indeed, the right 
expression for the zeta-function regularized determinant. Putting it together with the Eq. 
Q6.39 ) from the end of Section 4.3, we obtain the following explicit expression 



det CD+D n ) det (0(1, ra))" 1 



det 



tr u)P{n) A 



dA 01 (n) 
dn a 



if 



n, 



const, i 



det(tfo)- 1 det(Imr)^ 1 det(^o)" 1 det (dj^-s) ) det'(B\ 2 B Ll ] 



area 



" - 4 <b,A6> | e ai) ... )0lN z ai dz a2 A ... A dz aN | A2 

• i|^(-l)^det(/KVA6)^^(x)| A2 . (7.25) 

3=1 



8. Functional integral over hh) 



We shall attempt now a direct calculation of the functional integral (6.12). Only the 
e (fc+4)s(/ih t ,A x>6 ) term unc i er it depends on hh) and, as noticed before, its /i/i^-integral 
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should give the partition function of the SL(2, C)/SU(2)-vahied WZW model. Below, we 
shall find its form somewhat surprising. The action S(hh) , A X: b) is explicitly given by Eq. 
( |6.19 ) in the parametrization ( 6.18j ) of hh^ by real functions ip and v € T(Lq 2 ). It will 



be more convenient to use w = e~ v v instead of v . The formal measure D(hh') becomes 
then the product of the formal Lebesgue measures Dw and Dip determined by the L 2 
scalar products J (w,w) vol and / | | 2 vol . Thus we have: 



l {k+i)s{hh\A^ b ) p^t) = e -^rl4 b ' Ab) 



k 



e £ Dw Dip, (8.1) 

where 5 = d T -2 when acting on w and Fq is the curvature form of the holomorphic 
connection of Lq preserving the fixed hermitian metric. Note that the field w enters 
quadratically in the action so that the w-integral is Gaussian and may be easily performed: 

e s Dw 

- c %JJ P ^>^-^ det((a + (^))t(a+(^)))~ 1 , (8.2) 

where P^ denotes the orthogonal projector on the kernel of (8 + (Bip))^ . Explicitly, 
P v (e-*b) = ^(rf)t (H- 1 )^ 
iJ(P v (e-n), AP v (e-<>b)) = (llfXb) {H- X ) 0a (/ ff A b) = z a (H' 1 )^ , (8.3) 

E EE 

with the matrix of the modified scalar products of the vectors of the basis (rj a ) of 

(H^ = I/ e ^«,A/) , (8.4) 

E 

compare Eq. ( ggg ). For convenience, we shall rewrite the exponential on the right hand 
side of Eq. (|8.2|) finite-dimensional Gaussian integral: 



= (JLf det (^) f e -^- 4 -c a (H v )^c + ic^+i-c a ^ -Q^ (8 _ 5) 

The independence of the product of determinants det (Hp) det^(<9 + (8p)? (8 + (dtp))) 
with the second one regularized by the zeta-function prescription (or any other gauge 
invariant procedure) is given by the chiral anomaly: 

*ln(det(ff„) det((«9 L _ 2 + (8<p)? (8 L -, + (dp))) _1 ) = § /(^) (d8p - F ) 

+ ±f(6<p)R, (8.6) 

E 

where R is the metric curvature form of (the holomorphic tangent bundle of) E normalized 
so that J R = 47u(g — 1) . The global form of the formula (|8.6|) is 

det (H v ) det ((9 a + (dtp)? (d L - 2 + (dp))) 
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M^" 2Fo) + ^4^ det(H ) det(B\_ 2 d r -,y l . (8.7) 



Gathering Eq. (|8.2j) , (|8.5| ) and flST)), we obtain 



/ 



M| J ( e -*'5+(5+(Slp))« I A(e-*H-(5+5(v))«0> 

e s i;^ 



= const, det(ffo) det^a^)" 1 e^^^^" 2 ^ + ^4** 

. r e -^- 4 c a (H^c p + ic aZ - + ic a ^ Y[d* Ca . (8.8) 

Here appears a new difficulty in the calculation of the scalar product of CS states, as 
compared to the genus zero and one cases studied in |L3]][|l4| and ^7|, respectively. There, 
the hh^ integral for the partition function of the SL(2, C)/5'C/(2)-valued WZW theory 
led, after parametrization of hh^ by <p and w, to an iterative Gaussian integral: after 
calculation of the Gaussian w integral, the remaining ip integral was, miraculously, also 
becoming Gaussian. This does not seem to be the case here. The right hand side of Eq. 
flS.8|) includes the term 

e -& 5. = e ^//'W.V) (8 _ 9) 

with the Liouville type terms containing e 2</p in the exponential. So the (^-integral obtained 
after integrating out w seems to be of a non-Gaussian type, in contrast to the low genera 
situation. 

We shall show however, that this difficulty may be solved by a trick used in the Liouville 
theory |^8[ [|2S|j . The functional integral over (p which we are left with has the form : 

h s j e -mi^^m) + &js*-&^w*<* D(p , (8 . 10) 

We shall integrate first over the zero mode of ipo = (/ <p vol)/ (area) 1//2 . For this purpose, 
let us multiply 1^ by 1 = (area) 1 / 2 • / S((po — a (area) 1 / 2 ) da . Changing the order of 
integration, shifting tp to ip + a and setting M = (k + l)(g — 1) , we obtain 

(area)- 1 / 2 1, = J e" - 4^~ 2 ^ + & 4^ " & ^ ~ c " da %0 ) Dip 

= in-M) (fy M Je~^ sj«»*-»u+&ss* (- Ca (H,rc,r % ) d v , (s.n) 

where we have used the relations ^ L-Fo = deg(Lo) = g — 1 and / i? = deg(i^~ 1 ) = 
2(1 — (?) . As we see, the integration over the zero mode of <p> diverges but may be easily 
(multiplicatively) regularized by removing the overall divergent factor (— 1) M T(— M) . 
Now, the c- integral is easy to perform: 

/ (-c Q (^r%) M e ic "* a+ie «* a ]Jd 2 c a = (2vr) 2A ((H v ) a P d sa d z0 ) M Y[S(z a ) . (8.12) 



a 
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Gathering the above results, we obtain the following "Coulomb gas representation" for 
the higher genus partition function of the SL(2, C)/5f7(2)-valued WZW model: 

J e {k+4)S{hhi,A Xtb ) D ( hf j) = congt _ ( area )V2 deb (H ) det(Bl. 2 d L - 2 )- 1 e~^^ {b,Ab) 
= const, (area) 1 / 2 det(H ) det (dj_ 2 3 L - 2 ) _1 e "^4 <fc,A6> fjj S^fl^JJ ^z")) 

x ^ m a ' 

■ J(J e -&SS^W+&SS* + *Xj«°<>>) 5M ^jn^^A^W, (8.13) 

where m runs from 1 to M . Observe, that the integrand in the functional integral over 
<p is now invariant under constant shifts of ip, except for the term S(ipo) (the neutrality 
of the Coulomb gas). The 99-integral is of the Gaussian form 

/e^i^^-'i^Jfa,) Dip = const. det'(-A)" 1/2 fl wU»(') M^ i (8 . M ) 

where G( - , •) is a Green function of the Laplacian on S and a = ^-Fq + + 
^xm- Since G(x,y) ~ ^rlnd(x,y), where d(- , ■) is the metric distance, the 

4-7T (^(x X \ A I 

terms e fc + 2 v m ' mJ on the right hand side of (J8.14) are divergent. They may be 



easily multiplicatively renormalized by replacing them by their normal ordered version 
e ~ 1+2 ■ G ( x m,x m ). ^ gee (5T) for the definition. This way, choosing for simplicity the 



Green function satisfying f s G(- , y) ({k + 2)Fq(jj) + ^R{y)) = , we obtain 
Je^J^^-'&'SMDv, = const . det' (-A)' 1 / 2 ( JJ e~^ G ^ x ^A 

Y[ e -^'- G( - Xm ' Xmy \ (8.15) 

m ' 

The substitution of this result into Eq. (|8.13j ) results in the relation 
J e (k+4)S(hrf,A*, b ) D{hrf) = const . 

• det (Ho) det(4„ 2 ^ 2 )- 1 (^^T 1/ % _ ^ <6,A6> (n^-^II^ Q : 



•/( II e"S2 G(l "'i'^ ) |(l|e"^ :G(l "" Im): J^.A^IW) (8.16) 

which is the final formula for the higher genus partition function of the SL(2, C)/SU(2)- 
valued WZW model. 

Equation ( |3.16| ) reduces the functional integral over hh* to a finite dimensional integral 

_ 4 

over M copies of S. The integrand is a smooth function except for 0(d(x mi , x m2 ) k + 2 ) 
singularities at coinciding points. Power counting shows, that the integral converges for 
g = 2 but for higher genera it diverge unless special combinations 

^ m ),(MU(v am ,^)(x m ) (8.17) 
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of forms are integrated. We shall return to this issue below. Another feature of the right 



hand side of Eq. (8.16) may look even more surprising in a candidate for the partition 



function: its dependence of the external field A x b is not functional but distributional! 
The entire dependence on b E A 01 (Lo) resides in the term JJ dz a md z i3 m Yl 5(z a ) (recall 

m a 

that z a = / r] a A b ) . This is not so astonishing in view of the fact that the partition 
function of the SL(2, C)/SU(2) WZW may be expected, by formal arguments similar to 
the ones used in |3(|, to be the hermitian square of a holomorphic section of a negative 
power of the determinant bundle. But there are no such sections. There exist, however 
distributional solutions of the corresponding Ward identities and the right hand side of 
( |S.16 ) is one of them. 



9. Assembling the final formula 



The main results (7.25) and ( |3.16 ) of the calculations of the last two Sections permit to 
reduce the formal scalar product formula ( 6.12j ) to the following finite-dimensional integral: 



1*1 



const, i det(Imr) 1 ( ui • A) 



1/2 _ik_ 



§ r trA^AA^ 



detO^Ovol)- 1 det'(B[ 2 d L 2) e -^ k ^^ ImT ^o^ 

]r (~iy detow a b)^ <j{x) v(x, b) r (n ^^n^)) 



\e au ...,a N z ai dz a2 A ...Adz 



a N 



mi^m 2 



n 



e k + 2 



:G(x m ,x m ): 1 / a 



(rf m ,Arf m ){x m ) 



(9-1) 



The integral is, for fixed x, over the (N — 1) = (3g — 4)-dimensional projective space with 
homogeneous coordinates (z a ) , over the Cartesian product of M = {k + 1) (g — 1) copies 
of £ (variables x m ) and, finally, over the projection x of x £ E to £ . Let us discuss 
first the z a integral. It has the form 

h= f \P(z)\ 2 (l[d sam d z0m [[6(z a )\ \e ai ,...,a N z^dz a2 A...Adz aN \ A2 , (9.2) 
PHi(L" 2 ) 



where 



(9.3) 



P(z) = ^2(-iy det(/«VA6)^ (J(x) V(x,6) 

3=1 E 

is a homogeneous polynomial in (z a ) of degree M (with values in K\ x ). The integrand 
is a distributional 2(N — l)-form on H l {L~ 2 ) invariant under complex rescalings of z. 
Note that formally 

/ \P(z)\ 2 (]Jd- zam d z p m ]l5(z a hdz 1 A---Adz N \ 2 = -^(f\\- 1 d\\ 2 )I z , (9.4) 

HHL- 2 ) 
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where the divergent integral on the right hand side is over the fibers of the projection of 
H l (L~ 2 ) onto Pi? 1 (L x : 2 ) ■ Of course, the left hand side is perfectly well defined and we 
shall take it as a definition of the right hand side. One may expect to reabsorb this way 
the infinite constant (— \) M T{— M) produced by the integration of the zero mode of the 
field ip , see Eq. ( 8.11[ ). This is more then formal gymnastics. In Appendix E, we show that 



changing the order of integration in the above arguments by computing the integral over 
Pi7 1 (L~ 2 ) modular degrees of freedom just after the w functional integration and the one 
over the scalar field (p only afterwards, one obtains the same final result but no infinite 
constants, apart of those of the Wick ordering, appear in the intermediate steps. This way, 
it is rather the convergent integration over the (part of) the modular degrees of freedom 
then the divergent Gupta- Trivedi-Wise-Goulian-Li trick which removes the cumbersome 
Liouville-type terms from the effective action for (p and renders the <p integral calculable. 
It is an interesting question whether similar arguments may be used to substantiate the 
Goulian-Li trick in the gravity case. 

With the above interpretation of I z , we obtain the following expression for the scalar 
product of genus g CS states: 

H^ll = const. det(Imr) 1 ' - 2lT J ^ 



\ area 

t 5 ^ -2rt(/ I »(Im T )- 1 (4» 



• J detU^Ovol)- 1 det'(d[ 2 J Li ) e 

II Lo (7 I E det (/ K W A b )*i ^(x, b) 

Y[ e -^ G ^' x ™^(^ e -^'- G{xm > Xm y- (9.5) 



with the (M + l)-fold integration over E (over the projection x of x to E and over the 
positions x m of M "screening charges" ) . We have restored the x subscript to stress the 
x dependence of various entries in the integrated function. In fact, it is easy to see that 
the latter depends only on i. In Appendix F, we submit formula (|9.5| ) to few consistency 
checks showing that \\^\\ 2 does not depend on the choices of the bases of H (L^) 

and of H°(L^K) , and of the choice of a hermitian structure of Lq . We also show 
that upon multiplication of the Riemannian metric of E by a function e a , ||^|| 2 picks 
up the factor 

ex P[-2^Ff2 lC 1 daAda + aR)} (9.6) 
which guarantees the right value c = f^nj °f t ne Virasoro central charge of the theory 



k+2 

with partition function given by Eq. (1.5). 



We shall rewrite the scalar product formula putting it into a form both more geometric 
and closer to the spirit of discussion of Sect. 4. To this end consider 

X(x;xi,...,x fc(9 _i)) = J2 II (^W^J V>(x,&) • (9-7) 

(a m ) m=l 
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Clearly, the relation ( 3.18 ) holds so that \ is the holomorphic k(g — l),0-form on Ex 
vj fc (9-!) with values in the h.l.b. of Eq. ( [3,19 ) discussed at the end of Sect. 3. It 
is essentially the same object as % introduced by Eq. ( |4.7| ) is Sect. 4, directly related to 
Bertram's picture JTJ of CS states. The precise relation between the two x' s is given by 
Eq. ( p.l§| ) of Appendix C. With its use, one obtains from Eq. Q9,5| ) a fully normalized 
formula for the scalar product which uses the description of CS states by polynomials tp' 
discussed in Sect. 4. 



The expression 



— 2irk ([ uj) (Im t) 1 ( f uj) • , \ i9 ic\ c\ 

e U *o M ' U *0 ' |$(x)f (9.8) 



with as in Eq. ( |3.16| ) defines an admissible hermitian structure on L 2 K((2 — 2g)xo) , see 
the beginning of Sect. 5: it induces a connection with the curvature 2-kuj (Imr)~ 1 A Co = 
—Airig a . In order to find the geometric interpretation, of the other terms in the scalar 
product formula (|9.5|), let us return to the linear map ( |6.28| ) 

H°(K) 3 v l M v[b] e H l {L~ 2 K) =i H°(Ll)* . (9.9) 

Recall from Sect. 6.3 that surjectivity of l(pc, b) assured the local regularity of the projec- 
tion from A 01 into the orbit space A m /G c . We may view A s ^(x,6) holomorphic 
1,0-form on £ with values in the bundle det _1 i7°(i^) det -1 EPpri^Cy with the repre- 
sentation 

9 

A 3 ~ l l{x,b) = ^(-l/det^K^ Ab).^.J{x) ® (A^y 1 (AK^y 1 , (9.10) 
3=1 b 1 J 1 



compare the discussion after (5J3) in Sect. 5. Setting 

9-1 ! 
(j){x;xi,...,Xg-i) = £ Illx r W^^ l (*,b) 

(a r ) r=l 

= 07-1)! S g ^t(-l) j detin^xr^ixry^^ix)^ (A^)" 1 (A^)" 1 , (9.11) 

with symmetrizing the variables x r , we obtain a holomorphic g, 0-form on Sx T, 9 ^ 1 
with values in 



C k = det^H^K) <£> pr u (det- l B°pr u Cl) S^Vo) 
=i det^H^K) ® pn^det-^Vl*^ 2 ) S 9 " 1 ^ 2 ) = Cfc (9-12) 

where the isomorphism of the h.l.b. 's on Ex Cl and Cfc is induced by the isomor- 

phism (f4.9j). In the right hand realization, <f> coincides with the one introduced by Eq. 
( t5.5| ) in Sect. 5. Now, notice that 

M 

E II (< m (x m )d z ^ A 9 "/(x,6) ^(x,6) 

= ( 9 M X ) 5 A /((^(x;xi,...,x s _i) x(x; x 9 , . . . ,i M )) . (9.13) 
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Clearly, the right hand side is a holomorphic (1 + M),0-form on E x E M with values in 
the h.l.b. 



det^H°{K) ® pri*((det- 1 i?Vi*^)(-L 2 iC((2 - 2g)x )) k S M r (£§) 
= det^H^K) 0pr 1 *((det- 1 iiVu^o 2 )(^ 2 ^)) fc S M (C 2 ). 



(9.14) 



It is easy to see that 



X _ x M 

det(Imr)- 1 e' 2 ^ (/ -o^^T^ -) £ Jj( 



A2 



nr ipm) o zT ) J2 (- W det (/ K W A 5 U 

(a m )m=l' j=l E 

(„ M i) 2 |^m(0(x; xx, . . . ,x g -i) x(x; x s , . . . ,x M ))\ A \ (9.15) 



where, if we interpret Sm(<Px) as a (1 + 0-form on Ex T, M with values in the bundle 
on the left hand side of ( gig ), we should use on the latter the hermitian metric induced by 
the Riemannian metric of E , the hermitian structure of Lq and an admissible hermitian 
structure of L 2 K{{2 — 2g)xo) . It will be then simpler to work only with the admissible 
hermitian metrics on all occurring line bundles, including the holomorphic tangent bundle 
whose hermitian structure is given by the Riemannian metric. With such choices, we may 
rewrite 



1*1 



const, i M 1 J det' {d\ { _ x)2 d L ^ x )2) \S M (<j)(x;xi 
■ X {x;x g ,...,x M ))\ A2 Y[e-&3 G ( Xm *> Xm J ]J 



e fc + 2 



(9.16) 



including the prefactors into the normalization of the hermitian metric and replacing x by 
x in accordance with the interpretation of the x-dependence as giving rise to geometric 
objects on E. The Green function G(x,y) in (9.16) should be orthogonal to the 2-form 



a = ^w(Imr) _1 A w. We have rewritten det' (d^ 8^2) as det' (d^_ x ^ 2 d^_ x ^2) using 
the fact that the latter determinant is independent of the normalization of the hermitian 
structure on L(—x) so that it takes the same value for any admissible metric on L(—x) . 
When specified to the case of Arakelov metric on E , this is exactly the expression (^?j) of 
Sect. 5, if we reinterpret Sm(<P x) according to the right hand side of ( |9. 14 ) and use the 
relation between the hermitian structures induced by isomorphism ( |4.9| ) , see the discussion 
in Appendix B. 



Similarly as for the lower genus case, see [jDj], the natural conjecture is that the integral 
on the right hand side of Eq. fl9.16j ) converges if and only if the function ip defines a globally 
non-singular CS state \& . The singularities under the integral in Eq. ( |9.16| ) come from the 
product 

II e-ra G ^'^' ~ I] • (9-17) 

The power counting when Q + 1 of x m converge shows that 

Sm{4>x){x; y,y + yi,...,y + y Q , x Q+2 , x M ) (9-18) 



31 



has to have the vanishing Taylor expansion at zero in y\, . . . ,uq up to order < Q(jr^ — 1) . 
This gives also a set of sufficient conditions for the convergence of the integral in ( |9,16| ). 
Notice that for g = 2 when M = k + 1 these conditions are always satisfied. For g > 2 , 
taking Q = k + 1 , we infer that if the integral converges then Sm(<I>x)( x i x i, ■ ■ ■ i xm) 
has to vanish whenever k + 2 of x m 's coincide. Let us see that this condition is, indeed, 
satisfied for (ft corresponding to CS states. As we have explained at the end of Sect. 4, 
such states give sections x( x ] x gi ■ ■ ■ ; x m) which vanish whenever k + 1 of £ m 's coincide. 
On the other hand, 



E 

i=i 



(-rp det«(x r V(z r )), o^'(aj 



det 



4 H^-iVK-i) 



(9.19) 



vanishes whenever two of x r 's coincide. Hence SMi^X)^'-, x li ■ ■ ■ i x m) vanishes whenever 
k + 2 of equal. It is clear that a complete analysis of the convergence of the 

integral in Eq. Q9.16| ) and of the related "fusion rule conditions" should be based on the 
geometry studied in Jl|] [H] an d we shall postpone it to a future work. 



Appendix A 

Let us show that, for c a non-vanishing function on E, for g c = ( C Q 1 ° ) and for 



h c = Ug.U- 1 , 

exp^/^ + O] = e^' 1 ^- 1 ^ vu , . L \.l> 



where v is given by Eq. Recall, that £7 is a smooth isomorphism of rank 2 vector 

bundles with trivial determinant, U : Lq © Lq 1 — > S x C 2 . The gauge field + 
represents the image under C7 of the diagonal connection V + d — cr 3 a x . First note that, 
by the gauge invariance of the WZW action, S(h c , Aq° + A^ ) is independent of the choice 
of U . Moreover, since under an infinitesimal change of the field h , 

5S(h, A) = ± f tr bT x Sh F(A 10 + h ~A m ) (A.2) 

which transforms covariantly, one infers that under small changes of the function c , 

5S(h c , Al° + A° x ] ) = l -\ c- l 5c {d{c~ l dc) + da x + F ) , (A.3) 

J E 



which is the variation of the right hand side of Eq. ( |A.1| ) . We may then assume that c = 1 
on a small disc D . Using a trivialization of the bundle Lq over D and over S \ D with the 
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transition function / defined around the boundary of D , we may take the isomorphism 
U equal to the identity on E \ D and interpolating smoothly o inside D . In 

any case, h c = c ^ = 9c everywhere. Let oo be the 1-form representing on E\D 

the metric connection of Lq . It follows easily, that 

S(h c , 4° + A%) = S(g c ) - % - f c~ l dc A (oo + ax) (A.4) 
from which Eq. (|A.1|) follows by integration by parts on the cut surface. 



Let us identify the flat bundle corresponding to the character III 9 p i— ► u(c p ) £ S 1 of 
the fundamental group IIi of E . First note that z^(c p ) is independent of the choice of the 

Q+g Q 

metric on the h.l.b. Lq . Suppose that Lq = L(—xq) has divisor D = Dm — x n 

m=l n=0 

so that Lq = O(D) . Let us choose a hermitian metric on O(D) so that |l(x)| 2 = 
exp[47r(J] G(x, y m ) — J2G(x,x n ))] where 1 is the canonical section of O(D) with zeros 

m n 

at y m and poles at x n and G(x, y) is a Green function of the Laplacian on E . 1 trivializes 
O(D) on E\ {y m ,x n } and the 1,0-form 

Q+g Q 
a = 4vrd(£ G(-,y m )-J2G(-,x n )) (A.5) 

m=l n=0 

represents there the metric connection of O(D) = Lq. In particular, its curvature -Fo is 
equal to dda . Cutting e-balls around the points y m and x n (region B e ) and integrating 
by parts, we obtain 

i r o i 9 / ~* h c~ 1 dc p c~ 1 dc„ 



i=i 



j 
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■S b c p x dc p j,S a .c~ 1 dc p 



= exp[-lim/ (da)lnc p ] U [W aj 3 W h _ 

e^Q e y 

= exp[ilim/ EVfle (adlnc p - f gBe a\nc p )] . (A.6) 

Since dG{x, y) = 4?r ^,_^ + a smooth function, the boundary term contributes 

Q+g Q 

(A.7) 

m=l n=0 

whereas the volume term lim f^ B adlnc p may be shown to vanish by using Eq. ( |A.5| ) 

and integrating once more by parts ( c p is harmonic) . It is easy to see that the flat bundle 
corresponding to the character ([A. 7] ) of IIi is equivalent to the trivial bundle with the 
<9-operator 

S-2tt(X;?w-X; 7") (Imr)- 1 ^ 



and is isomorphic to 0(D — (g — l)a?o) — L(—§xq) . 
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Appendix B 



Consider a function f XQ on S x E given by 



/x (x,y) = 




(B.l) 



where a is an odd characteristic. One has 



x 



fx {p*,y) = cp{y) fx {*,y) 



(8 + ^/^(Imr)-^^) /x (x,y) = . 



Besides, f XQ has first order zeros at x = xq and y = xo and a first order pole at x = y . 
It follows that multiplication by f XQ establishes an isomorphism between the h.l.b. 's C' Q 
and pr\* (O(-xo)) Co over E x E. 

Note that the hermitian structure on the h.l.b. Co coming from an admissible hermitian 
metric on the bundle Lo (see the beginning of Sect. 5 for the definition of admissibility) 
induces the connection with curvature 

7r pr\*(uj) (Imr) _1 pr2*(o)) — irpri*(u) (Im r) _1 pr 2* (u>) + (g — l)pr2*a . 

Taking also an admissible hermitian structure on the bundle 0{— xq) we obtain a hermi- 
tian metric on the h.l.b. pr\*{0{— xo))C° corresponding to the curvature form 

— pr\*a + irpri*(uj) {Im.r)~ 1 pr2* (O) — ir pr\*(p) (Im r) _1 pr '2* (oj) + (g — l)pr2*a , (B.2) 

the same as the curvature induced by the hermitian structure of C' described around Eq. 
( |5.2| ) in Sect. 5. Hence multiplication by f XQ must carry one hermitian structure into the 
other one, up to a constant factor. 



Appendix C 

Let us discuss in more detail the relation between the two descriptions of the CS states: 
the one discussed in Sect. 3 using functions ip(x,b) with x G E, b G A 01 (Lq 2 ) and the 
one of [|l|], discussed in Sect. 4, employing polynomials ip'(b'), b 1 G A 01 (L~ 2 ). Let us fix 
x with x 7^ xq and b. Viewing b as an element of A 01 (L~ 2 ), we may define a form 



b" G A 01 (L(-x) -2 ) by setting 



V 




(C.l) 



since the multiplication by /x ( x ) •) given by Eq. ( |B.1| ) establishes an isomorphism be- 
tween L(— x) and L x . We shall choose k G H°(L 2 (—x)) \ H°(L(—x) 2 ) s.t. 



/^Afe" = for v G H°(K(—x)) . (C.2) 
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Except on a subset of 6"'s of codimension at least 2 in H 1 (L(—x)~ 2 ) , such k exists and 
is unique up to normalization (compare the discussion around ( |6.28| ) in Sect. 6.3). Eq. 
( |C.2| ) guarantees that there exists a function f\ G T(0(x)) s.t. 

Bh = bn . (C.3) 

Let ft = 1 + G T(0(x)) for t G C. Since, by our assumptions, k(x) / as an element 
of L 2 (— x) and, for small t, f t may have zeros only close to x, it follows that, for such 
t , the map 

L- 1 3 I i — ► {I f tl Ik) G L(-x)- 1 © L(-x) (C.4) 

is an embedding which, moreover, is holomorphic if we modify the 8 operator of L(— x)" 1 © 
L(-x) by replacing it by 8 + (° *o" ) • Choose now £ £ r(0(-x)) and s G r(L~ 2 (x)) 
s.t. 

C-«« = l. (C.5) 



Note that s(x) has to be a non- vanishing element of L~ 2 (x) because otherwise Eq. (|C.5| ) 
could not be satisfied as £ j viewed as a function on S , vanishes at x . Now, We shall 
perturb £ and s by taking £ t G T(0(x)) and sj G T(L~ 2 {x)) s.t. 

Ct/< - s t n = 1 (C.6) 

and Ct = C + *Ci + °C0 > St = s + isi + o(i) are analytic in (small) t . This may be 
easily achieved by solving Eq. flC.6j ) for Q with st = s outside a small ball B e (x) around 
x and for st with £ t = £ on B2e(x) arid by interpolating between the two solutions in 
B2e{x) \ B e (x) . Consider now the smooth isomorphism 

V t :L- 1 ®L — > L(-x)- 1 © L{-x) , V t = S A (C.7) 

depending analytically on (small) t . A straightforward computation shows that 

VT^o W o)vt + V t -'8V t = (l ^K^-***) . (c.8) 

Notice that iCfh" + Ct^s t - s t 8( t = b' t = b' + f&i + o(i) G A 01 (L~ 2 ) . In particular, 

b' Q = (8s - s8( = (1 + sk)8s - s8{sk) = 8s , (C.9) 
b[ = ( 2 b" + (8si + (ids - s8d - si8( = b" - 8(fxs) + 8si , (CIO) 

where we have used the relations £ = 1 + sk and (j = — C/i + si K following from Eqs. 



flC.5p and (C.6). Let us define two gauge fields 



= c/' ( J J ) c/'" 1 + V8U'- 1 , (en) 
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where U : L 



o 



Lr 



SxC 2 and U' : L' 1 

1/01 

K 



L 



£ x C 2 are smooth isometric 



isomorphisms, see Sects. 3 and 4. A^ tb and are gauge related: 



A'°J = h^Afht + h^dh 



where 



U 



/^o( x '-) 



v t u' 



(C.12) 



(C.13) 



Expressing the same CS state in two descriptions corresponding to Eq. ( |4.3j ) and Eq. 
( |3.4D and comparing them using the gauge invariance of ^ , we obtain the relation 



1/{b' t ) = eMkS(h t ,Al] tb ) + g/tr < A 4 - ig 1 A i^)] ^(x» . (C.14) 

Now, due to the homogeneity of ip(x, •) , 

^(x,t&) = t fe(9_1 V(x,6) . (C.15) 
On the other side, it is easy to see with the use of Eq. ( p.9| ) that, for rf E H°(L 2 K) , 



/ 7/ A b' = Jr] Ads = lim / Ads 



S\B e (x) 



lim 



r/.s 



2tt« 



r/'(x) 



8B E (i) 



d(s- 1 )(a;)/da; ' 



(C.16) 



where s _1 is differentiated as a section of I? vanishing at x . Hence the class of b' 
in Pi/ 1 (L 2 ) coincides with the image of x € £ under the embedding ( 4.12 ) of £ into 
Pi7 1 (L 2 ). Specifying Eq. ( p.8| ) to i = 0, we infer that that the corresponding rank 2 
holomorphic bundle is isomorphic by Vq with the split bundle L(— L(—x) . Using 
the integral presentation ( fPj| ) of ip' and Theorem 2a of Q, see Sect. 4, we obtain the 
relation 



(2m) k jk(g-l) ^d(s- 1 ){x) ^-k 



k\ 



dx 



X [%) ■ ■ ■ ,X, • • • , Xfcg) 

E fe( 9 -i) k times 

■b[(x k+1 )---b' 1 (x kg ) + o(t k{3 - 1} ). (C.17) 



Besides, using Eq. ( C.10[), we may replace b[ by b" = f xo (^-, - ) 2 b on the right hand side. 
Hence the relations ( |Clg) , (|C.15|) and (|C.1?1 ) imply that 



. . . ,x; x k +i, ■ ■ ■ ,x kg ) = Z4 (x) x(x; x fc +i, . . . ,x kg ) 



(C.18) 



where 



^o(x) = ^ exp[*S(^ (C.19) 

Wa; (x) takes values in (L 2 K) k . It must be independent of the choice of k, £ and s 
since the other terms in Eq. ( C.18| ) are. It gives an explicit realization of the isomorphism 
between functions $(x) on £ transforming by Eq. ( 3.16| ) and behaving like (x—xq) 2fe(s 1J 
around xq and sections of (L 2 K) k , see Appendix A. Such isomorphism is unique up to 
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normalization and Eq. ( C.19 ) fixes this normalization completely (in a way dependent 
on the isometric isomorphisms U and U'). Eq. ( C,l§| ) establishes the precise relation 
between functions tp used to represent the CS states in this paper and polynomials if)' 
introduced in Sect. 4 and corresponding to the description of E|[22|. 



Appendix D 

We shall prove here the formula ( |7.23| ) for the zeta-function regularized determinant 
of the operator D n . Let us consider the determinant line bundle T of the 8- family 
(d + [A^ b , ■] = D n ) of operators acting in the trivial bundle £ x sl(2, C) . It is a 
holomorphic line bundle over the space of pairs (x, b) with the fibers 

det(ker(D n ))' 1 det(coker (D n )) . 

Generically, ker(Z) n ) = and the dual space to the coker(Z) n ) is spanned by the s£(2, de- 
valued 1,0-forms uj a (x,b) = U ^c)U~ 1 constructed in Sect. 5.3., see formulae 
( |6.30 ) and (6.31). The complex gauge transformations h CjV = U g c ^~ x , with g CjV as in 



Eq. (2.13), c a non-zero constant or c = c p , act on T . Division by their action gives 
the 4 th power (4 = 2 x the dual Coxeter number of SU(2) ) of the h.l.b. DET over the 
compact space FWq discussed in Sect. 3. The formula 

||1 Aw a (x,6) || 2 = det {DlD n ) det(Q(l,n))- 1 (D.l) 



defines Quillen's hermitian metric |33| on T . Its curvature is easily calculable (from the 
Riemann-Roch-Grothendick Theorem, see e.g. [pj]) to be 

I [ tr (5< 6 )t A 6A oi b = | f (25a^ A 5a x + (5b, ASb}) . (D.2) 

The change of the Quillen metric on J- under the complex gauge transformations h C)V 
may be inferred from the chiral anomaly formula ( |6.10 ) with S(h c ^ v h\ v , A(n)) given by 



Eqs. ( |6.18| ) and ( |6.19| ). It is then easy to see that the modified metric 



|| • || /2 = || . || 2 e - ( D . 3 ) 
is invariant under the h c v transformations and descends to DET 4 . Its curvature is 

4 



f s 5a x A 5a x . On the other hand, the right hand side of Eq. ( 7.24 ) multiplied by 
exp[^ J s (b, Ab}] also defines a hermitian structure on the h.l.b. DET 4 and the Riemann- 
Roch-Grothendick Theorem shows that the curvatures agree. Hence, the two metrics are 
proportional with the proportionality constant which might a priory depend on the metric 
(i. e. also on the complex structure) of £ . 

In order to see that Eq. ( |7.23|) for det (D^Dn) represents properly also the dependence 
on the metric of E , it is enough to show that it produces the right behavior of the 
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determinant in the limit when b is replaced by tb and t — *■ . This limit may be studied 
by the 2 nd order perturbation theory. For t = 0, D^Dn has the g-dimensional kernel 
U(H (L^)a~ + C<T 3 )C/ -1 . For t ^ 0, the operator is modified by a relatively compact 
perturbation [35]. If the rank of the matrix (/ E K r cj l A b) is g — 1 , all the zero eigenvalues 
of D^Dn move up and their product is easily calculated to be 

Rt 29 = 2~ s t 2g area" 1 det^o)" 1 \z l \ 2 {Hq X ) u det ((/ K VAb) (Imrji^/KV A 6)) (D.4) 

in the leading nontrivial order (we have assumed that z a (b) = for a > 1). It follows 
that, when £ — > (and with the zeta- functions regularized determinants), 



det(Z>tD„) = Rt 29 det'OD+AOU + • 



On the other hand, 



lim det(n(l,x,t&)) = 7 (j>iAyUi) det c 



(H, 



a/3\ 



t ^ «,^iV"o ; 

in the notation of Eq. ( |6.30 ). Using also the relation (6.34), we obtain 
limdet(fi(l,x,t&)) = 4 |det(/ k t u/ A b) i<g \ 2 



(D.5) 
(D.6) 



]T (-1) 1 +J det(jW A 6) (Imr) 4 y det(/«V A det(ff ) (i^ 1 ): 



4det(Imr) det(flo) (#o _1 )ii |det(JVu/ A 6). 



1-2 



<9 I 



det((jVc> A 6) (Imr) i7 - (/kV A 6)) , (D.7) 



where the last equality is a consequence of the identity det(%2 A r 3 A s i) = J2- \ det(A Tl )._ i . \ 2 
for (A VJ ) a (5 — 1) X g matrix which may be easily verified by taking {A r3 ) with first 
(g — 1) columns forming a unit matrix. It follows now from Eq. ( |6.37 ) that 



lim r 29 [ I 5{BV) e" 



4|^| 2 (#0 )n 



det((//e r w i A 6) (Imr) y (JVw* A 6)) (D.8) 



and, consequently, the right hand side of E q. (|7.23| ) behaves when t — > in accordance 
with ( p.5| ). This ends the proof of formula ( 7.23[ ). 



Appendix E 

Let us denote 



N 

V(<p) = det^)- 1 ]^] 2 f \P{z)\ 2 e-^^W f[d 2 z a 

J o 



£N-i Q = 2 
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where P(z) is a homogeneous polynomial in variables (z a ) of degree M = (k + 1)(<? — 1) : 

, Af s M M 

nz) = e jfA n n - Qm - e ^ n • ( e - 2 ) 

(a™,) V m=l 7 m=l (« m ) m=l 



P(y?) with P(z) given by Eq. ( |9.3| ) is the z-integral to be computed after the ^-integration 
in Sect. 7 if we postpone the ip integral till after the one over z a, s, see Eq. flS.8|) . The 
integrals in (|E.1|) clearly converge. We shall show that the zero-mode integral 



„ M 

in> fa™').!'/?™') m=l 



Consequently, integrating in our calculation of the right hand side of fl6.12| ) first over w 
then over z a , a > 1 and at the end over tp one obtains the expression ( |9.5[) without 
encountering other infinities then the standard ones removed by the zeta-function regu- 
larization of the determinants and the Wick ordering of the c/j-field exponentials. In order 
to proof formula flE.3j ), let us rewrite 



J e~ 2aM V(if + a)da = |i| 2(M ~ X) V{ V - In \t\) d 2 t 

R C 

^det^)- 1 ^ 1 ! 2 / \t\ 2{M+N - 1] \P{z)\ 2 e-^I^^^V n d 2 z« . (E.I) 



a=2 

The integral clearly converges. By the change of variables 

Q l = tz\ ( 2 = tz 2 , ... , ( N = tz N , (E.5) 

one obtains 

N 

Je- 2aM V(<p + a) da = ± det(^)- 1 / |P(C)f e-^'W'W J] d 2 C° . (E.6) 
R a=1 

Now Eq. (|E.3|) follows by simple Gaussian integration. 



Appendix F 

We shall check the consistency of the formula (9.5) for the scalar product of the CS 
states. First of all, the integrand on the right hand side is independent of the choice 
of the bases («£.) of H®(Ll.) and (77^) of H°(L^K). Indeed, a change of (k£) in 
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9 

| det(/ E k^lo 1 A u^'(x) [ A2 is compensated by that in det(/ E (k£> vol) 

and r]^d z a is independent of the choice of (77°) • Another consistency check is the inde- 
pendence of the integrand under change of the hermitian structure of Lq . Recall, that the 
the Green function G(x, y) of the Laplacian was chosen so that / G(- , y) ((k + 2)Fo(y) + 
?R(y)) = 0, where Fq is the curvature form of Lq. The multiplication of the hermitian 

metric of Lq by a positive function e V// ^ +2 ^ leads to the replacement Fq h- *■ Fq + and 

G(x,y) h-> + ^ (92O) + <p(y)) 

-tohs J{d<pAd<p + <p(2(k + 2)F + R)) . (F.l) 

Since (r/ am , At/ 3 ™) (x m ) picks up the factor e 2 v(^m)/(k+2) ^ thg , lagt line Q £ Eq> ( p^| ) i s mu l_ 
tiplied by 

eXp[ 27r(fc + 2) A ^ + ^ (2(fc + 2)F ° • 

By the chiral anomaly formula, det ( / E (n r , k s ) vol ) ~ 1 det' ( d^ 2 d^2 ) changes by the factor 

exp[- ' /(^ A ftp + (fe + 2)^(2F + . 

Finally, we shall show that exp[— ||r / tr Aq° A Aq 1 ] |^(x, 6)| 2 , which depends on the 
metric of Lq through the smooth isometric isomorphism U : Lq 1 © Lq — > ExC 2 , yields 
upon the multiplication of the metric by Q l f/ < y k+2 ) the factor 

eXp[ ~ 27r(fe + 2f ^ d(f ABlP + 2{k + 2)lfFo)] 
cancelling the previous ones. First note that, by Eq. 06.170 , 

e -fe/ E tr^A^ ^ b)]2 = c(x) m<b){2 e -§4tr(^)t A ^ + t4( , M) (R2) 

with c(x) independent of the choice of the metric on Lq . As follows from the transfor- 
mation properties of \& and of the WZW action S , 

|*(^ 01 )| 2 e" f 4 tr t^ 10 )^ 10 

= e kS(hhl,-(A^ + A^) J ^(^01) |2 e -f JJr(A^AA^ _ (F 3) 

In particular, the expression does not change if h takes values in the compact group. It 
follows that, for a fixed metric on Lq , exp[— 1|; J tr Aq° A ^[j 1 ] I^C*^)! 2 is independent 
of the choice of the isometric isomorphism U : Lq 1 © Lq —> SxC 2 since A^} b for two 
different choices are related by an 5?7(2)-valued gauge transformation. 

After the multiplication of the hermitian structure on Lq by e^ , we may take f7e _¥3cr3//2 
as the new isometric isomorphism from Lq 1 © Lq to S © C 2 . As a result of the change 
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of U, A^ b changes to h Af b with h = Ue^^U' 1 . By virtue of Eqs. and ([fH), 

— iKf tr A 10 aA 01 
e 27rJ s \ip(x, b)\ 2 is then multiplied by 

e ^(Mt,-(^yt + Aoy-i|/ s (e-^-i)<6,Ab) _ (F _ 4) 

We are left with the calculation of S{hh\ -(^ 1 6 ) t + A^ b ) . By Eq. ( |A^D , under the 



infinitesimal change of (p 

8S(hh^, -« b )t + A oi b) = ±_ U8^U^F{-{A^ + <**nw ) 

± /"+ A 3 f-F + dd(p-e-y(b,Ab) V(e- 2 ^) + 2e- 2 ^a x A&\ 
- 2ir tr ^ a ^ ^ + 2flx _ ^ ftt Fq _ QQ ^ + e _ 2 ^ ^ Aft) j 

= 5f-^/(a^A^ + 2 93 Fo-(e- 2 ^-l)(6,A6))) (F.5) 



so that the factor ( |F.4| ) becomes e 2n (9(pAd(p+2(pFo ) ^ ag re q U i rec j_ 

As for the change of tj){x., b) itself, a straightforward calculation shows that if h : S — > 
5L(2,C) then 

§L tr ^°A r ^ ././ft-^oi \ _ o W(^UJ +4y-^(^)+W(ft)-|/ tr Ai°A(fct)-W 
e ^ ^ ^ xb j — e ^ 

ii f t v 410. 401 
• e 2 -V A A *'» *(A% b ) . (F.6) 

It follows that if U \-* V = h~ l U with 5f7(2)-valued h then Tp(~K,b) changes only by a 

-ks(h)-i£ f tr A. 1 ,°A(/it)- 1 a/it 
constant factor e s . On the other hand, it the metric or Lq is 

multiplied by e^ and U 1— > ?/' = Ue~ Lpa / 2 = h~ l U , then ip(pc,b) picks up the factor 

fcS(/ifct > A ( 1 ) ° + A0y-fcS(/ift.t) + A:5(fe)-^: / tr A£ A(fct)-ight 
e fc5(Mt,A )-A:5(Mt) + fcS(/i)-|| JHr Aj°A(/it)- 1 a/ l t 



where the last inequality may be checked by differentiating S(hh\ Al + A^ b ) w hh respect 
to if with the use of Eq. QA.2| ). Again ^(x, b) is multiplied by a constant independent of 
x and b. 



In the next check, let us find the dependence of the right hand side of Eq. (|9.5| ) on the 
conformal factor of the Riemannian metric of £ . If the metric is multiplied by a positive 
function e CT , then 

G(x,y) i-> G(x,y) + (a(x) + a{y)) 

-^kv f(9<TAd<T + 2a(2(k + 2)F + R)) , 

E 

:G(x,x): : G(ar, x) : - (<r(a;) + a{y)) 

J (da A da + 2a(2(A; + 2)F + fl) ) , (F.8) 



32tt 2 M 2 

E 



41 



and the last line of Eq. (|9.5| ) is multiplied by 

^Mifa) nidaAda + a(2(k + 2)F + R))] . 

In virtue of the conformal anomaly formula, det(/ s (k t , k s ) vol) -1 det' (d^ 2 8^2) and 
( det area A) ) ^ change, respectively, by the factors 

exp[— ^ f(^8a A 8a + o-(6Fo + R))] and exp[— f(^8a A dcr + <ri?)] . 

E E 

Altogether, Eq. ( J9.5| ) picks the factor 

ex P[-2i^Ff2 I {^8a A da + ai?)] (F.9) 

E 

when the Riemannian metric is multiplied by e CT . This guarantees the right value c = 

of the Virasoro central charge of the theory with partition function given by the formula 

(PD- 



Another easy check of formula ( |9.5| ) shows that its right hand side does not depend on 
the choice of xq used to fix the bundle Lq = L(—x) . We leave it to the reader. A more 
involved problem which we have not addressed is the independence of the scalar product 
expression of the choice of the h.l.b. L of degree g . 
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